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Thesis Abstract

This thesis is concerned with the analysis and design of application specific optical
fibres, that is, optical fibres in which the geometry and chemical composition is
dictated to a large extent by the sensing or communication application in which
they are intended to be used.

In Chapter 1 an overview of waveguide analysis from an historical perspective
is given and some background material on sparse matrix methods presented.

Chapters 2 and 3 contain details of new finite difference based methods to
solve the scalar and vector wave equations respectively. The methods presented
are two-dimensional and may be used to solve a wide range of optical fibre and
dielectric waveguide problems in which the core has an essentially arbitrary geom-
etry and refractive index distribution. Multiple core problems are catered for. The
vector wave equation solver is able to compute the modes of anisotropic waveg-
uides including off-diagonal elements in the permittivity tensor.

The later chapters are used to demonstrate the applicability of the solvers to
novel problems of practical importance.

Chapter 4 presents design considerations for circularly birefringent optical fi-
bres and a new design based on readily available fibre fabrication technology is
described. Circularly birefringent fibres have immediate applications in commu-
nications and sensing.

Chapter 5 discusses twin-core optical fibre wavelength demultiplexers provid-
ing a detailed design tolerance and sensitivity analysis and the theoretical design
is compared with experimental results.

In Chapter 6 some extensions to the material presented previously are exam-
ined. In particular an alternative formulation of the vector wave equation is dis-
cussed, the scalar solver is extended to the nonlinear regime and an observation
concerning the form of the minor field component in real optical fibres is dis-
cussed. This last item has possible applications in optical fibre characterization.

v
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Chapter 1

Overview

1.1 Background

Optical fibres tailored for specific applications are required both for communica-
tion and sensing systems. The ability to design application specific optical fibres
(ASOFs) requires the use of computer modelling techniques because it is far too
time consuming and economically infeasible to manufacture optical fibres with
novel geometries or dopants without a reasonable level of confidence that the fi-
bre will have the design properties. There is a plethora of numerical methods
available for solving the wave equation in an optical fibre (a brief survey is given
in Section 1.3) but in order to be usable as design tools they must be numerically
robust, unambiguous in their predictions, efficient and, above all, applicable to the
widest class of practical problems.

Physically, an optical fibre consists of one or more guiding core regions, in
which the majority of the transmitted light nominally resides, of essentially arbi-
trary shape embedded in a cladding which is sufficiently large in extent that the
electromagnetic fields at the cladding boundary may be assumed to be zero. The
refractive index, n.,, of the core regions must be greater than that of the cladding,
n.;, in order for the light to remain bound. The fibre is assumed uniform along
its length. From the practical point of view most fibres have one or two centrally
placed cores of circular cross-section and are manufactured from silica (SiO,)
with dopant materials (e.g., germanium) introduced in order to raise or lower the
refractive index appropriately.

An optical fibre may be characterised in terms of the parameter A given by

2 2
A= Neop — Ny
_ 2
2nZ,

(1.1)

The majority of commercially available fibres have a A parameter of order 1%
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and are said to be ‘weakly guiding’ which is somewhat of a misnomer because the
light propagating in the fibre is still tightly bound.

A standard communications fibre has an overall diameter of 125um and has a
single core of diameter less than 10um. With these dimensions the fibre will have
one or, at most, a few bound modes at the telecommunications wavelengths 1.3
and 1.55um, where the transmission loss is typically of the order of 0.2dB/km.

1.2 Brief Historical Overview of Waveguide
Analysis

The development of optical fibre and waveguide theory and practice has been
extremely rapid over the last thirty-five years yet little comment is to be found
on work carried out before that time. The enormous interest in all dielectric
waveguides was of course triggered by the manufacture of extremely low loss
dielectrics—high quality silica glass—in the late 1950’s yet the original theoreti-
cal analysis predates this development considerably.

1.2.1 The Early Years: 1897-1941

In 1897 Lord Rayleigh laid down the fundamental theoretical groundwork for the
case of perfectly conducting dielectric filled cylindrical waveguides of arbitrary
cross-section and presented detailed solutions for the particular (and analytically
soluble) cases of square and circular cross-sections [1]. He correctly identified the
two classes of solution now known as the transverse electric (TE) and transverse
magnetic (TM) modes as well as determining the cutoff wavelengths stating that

‘If the actual frequency ...is much less than [cutoff], the resulting
disturbance is practically limited to a neighbouring finite length of
the cylinder.’

This effect is put to practical use in optical fibre mode strippers.

Thirteen years after Rayleigh’s paper Hondros and Debye presented the theory
of guidance by a ‘dielectric wire’ [2], i.e., a dielectric rod in vacuum. The theory
is identical to that of a fibre in which the cladding index is unity.

Interestingly, the first observations of bound waveguide modes were reported
for the case of a dielectric wire as early as 1916 [3] and expanded upon after the
First World War by Schriever in 1920 [4]. The wavelengths used were in the 10’s
of centimetres.

A further fourteen years were to pass before waveguides appeared in the liter-
ature again. Bergmann and Kriigel [5] reported that they had measured the fields
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within a short hollow cylindrical metal waveguide. They also observed that the
open end radiated quite efficiently into the surrounding medium.

The first papers in English since Rayleigh’s appeared in the Bell Systems Tech-
nical Journal in 1936 when a theoretical paper by Carson, et. al. [6] and an ex-
perimental paper by Southworth [7] were published. These papers focused pri-
marily on the hollow metallic cylinder (including finite conductivity effects) al-
though there is a short theoretical discussion of the dielectric wire in [6] where it
is pointed out that ‘guided waves are possible only if the dielectric constant of the
guide is higher than that of the surrounding medium’. The fact that the modes are
hybrid (HE or EH in modern notation) was also pointed out.

A paper by Barrow also in 1936 [8] dealt with both theoretical and experimen-
tal aspects of the hollow metallic waveguide problem and this together with the
two Bell papers ushered in the extreme interest in waveguides that has persisted
to this day. In fact, by 1941, the theory was appearing in advanced textbooks on
electromagnetism [9].

The review of the early development of waveguides is essentially complete.
The small number of papers being primarily due to the difficulty of producing
microwave radiation prior to the development of the cavity magnetron in 1939.
Theoretical interest was also limited due to the lack of experimental drive.

1.2.2 Optical Fibres

The early experimental work was, of course, performed at very high radio fre-
quencies but during the 1950’s several papers (both experimental and theoretical)
on optical fibres (as opposed to dielectric waveguides) appeared firstly in Na-
ture [10, 11] and then in the more usual optics journals [12, 13, 14]. Van Heel [11]
noted that:

‘A much better result was obtained when the fibres were coated with
a layer of lower refractive index, which ensured total reflexion’.

Interest at this early stage focused more on what today would be termed light
pipes with the application being image transmission in endoscopes for example.
By 1959, however, true optical fibres consisting of core and cladding were being
widely discussed in the literature (see, for example, the abstracts of the Spring and
Annual meetings of the Optical Society of America, 1959).

In 1961, Snitzer [15] presented the first theoretical analysis of the clad optical
fibre, which can be viewed as a straightforward extension of the work of Hondros
and Debye.

The invention of the laser in 1960 created great interest in the possibility of
optical communication systems using optical fibre as the guiding medium and in



1970 the first of many special issue journals on optical communication systems
appeared [16].

Snyder, in a classic paper [17], presented the simplification that is now known
as the ‘weak guidance’ approximation. By realizing that an optical fibre usually
consists of a core with refractive index only very slightly greater than that of the
cladding he was able to reduce the vector wave equation to the scalar wave equa-
tion by an intricate perturbation analysis. Gloge [18] refined Snyder’s analysis and
recast it in a more usable form. Together, these two papers provide the stepping
off point for modern optical fibre and dielectric waveguide analysis.

1.3 Numerical Solution of the Wave Equation

The ability to calculate modal properties of waveguiding structures of arbitrary
core geometry and permittivity distribution requires the use of numerical tech-
niques. Some progress can be made using perturbation theory but for truly useful
design tools higher accuracy than can be easily obtained through approximation
methods is required. A brief survey of some current methods is presented below
although no attempt at completeness of coverage is attempted due to the large
number of papers that have appeared, and continue to appear in this area.

Not surprisingly the first numerical technique applied to waveguide type prob-
lems was the finite difference method [19] although this method seems to have
fallen out of favour during the intervening fifty years.

From a purely theoretical viewpoint any numerical method for solving par-
tial differential equations must transform the analytic equation into a set of one
or more algebraic equations that may be solved on a computer system. The
techniques for transforming the problem are extremely varied but amongst the
most common are the finite difference method, the finite element method and the
Galerkin method. In the finite difference method the analytic partial derivatives
are replaced by algebraic approximations defined using a grid defined over the
region in which the solution is desired. The finite element method uses low or-
der polynomials to approximate the solution of the partial differential equation
over small regions or ‘elements’ into which the domain of interest is subdivided.
The Galerkin method, on the other hand, requires the solution to be expressed
as a (truncated) series of orthogonal functions defined over the entire domain of
interest and so is sometimes referred to as a global method. Of course, the par-
tial differential equation can also be converted to an integral equation which can
then be discretized for computer solution. All these methods have been applied
to the dielectric waveguide problem. Both the finite element and finite difference
approaches lead to sparse matrix problems and these are discussed in Section 1.4.

The numerical method described in this thesis is, to the author’s knowledge,
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applicable to the widest range of waveguide problems of any existing solver. The
method also possesses internal criteria of accuracy that are lacking from other
methods thus increasing confidence in the numerical predictions.

1.3.1 The Scalar Wave Equation

The electromagnetic properties of an optical fibre or dielectric waveguide that is
weakly guiding are accurately described by the scalar wave equation [20],

(V2 +i2n%) v = By, (1.2)

and it is not surprising that much effort has gone into its numerical solution.

Efficient and accurate methods for solving the scalar wave equation in a
cylindrically symmetric radially inhomogeneous fibre have been extant for some
time [21, 22]. Cohen, et. al. [23] provides an interesting comparison between
numerical computation and experimental measurements of fibre dispersion char-
acteristics. Sammut and Pask [21] detail a ‘shooting method’ in which the field
inside the core region is matched to a decaying Bessel function solution in the (in-
finite) cladding region. This method can be used with a large number of in-core
points and provides high accuracy [24].

Finite element solution of the scalar wave equation extends back at least as far
as Chiang [25]. Chiang’s method is applicable to arbitrary two-dimensional guid-
ing structures although only single core examples (of wide geometrical variety)
are presented.

Recently Tamil and Aicklen [26] presented a finite difference method for the
radial wave equation and considered the effects of a finite cladding on modal prop-
agation constants and cutoff. Seki, et. al. [27] have reported a non-uniform finite
difference grid method that they applied to the two-dimensional dielectric rectan-
gular waveguide problem. It has been pointed out by Vassallo [28] that modifi-
cations to the finite difference formulae at curved boundaries can lead to higher
accuracy for the step-index fibre. However, for the case of arbitrary core refrac-
tive index variation where there is no clear core-cladding interface the additional
complexity does not appear to be warranted.

The Fourier method of Henry and Verbeek [29] first presented for purely step-
index waveguides has recently been extended to waveguides with arbitrary re-
fractive index variation through the use of an ‘onion skin’ approach in which the
core region is represented by a large number of slices [30]. The method has the
advantage that dense matrix techniques are used to solve the resulting algebraic
eigenproblem.

The method presented in Chapter 2 is a full two-dimensional finite difference
solver, applicable to guides with arbitrary refractive index variation, that uses a
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nonlinear transformation to map all of real space into the unit square. The scal-
ing enables the solver to function correctly down to modal cutoff and provides
better handling of curved boundaries than conventional finite difference methods
because the grid is non-uniform in real space. Interestingly, in a recent review
article, Chiang [31] points out the difficulties that conventional finite difference
methods have in handling the infinite cladding and curved core-cladding bound-
aries which, as stated above, are alleviated in the method described in this thesis.
Finite cladding effects, although not considered, would be simple to introduce by
forcing the field to zero at a finite distance from the centre of the guide.

1.3.2 The Vector Wave Equation

The vector wave equation for the electric field vector E may be written as
V’E—V(V-E) = k*¢E (1.3)

where £ is the free space wavenumber, € is the permittivity tensor and it has been
assumed that E ~ e(x,y) exp [—i(®w? — Bz)]. Numerical solution of Equation (1.3)
presents some difficulties. The first of these stems from the fact that the free
space wavenumber is the computed eigenvalue and the propagation constant is
required as d priori input. This is somewhat unnatural because fibres are operated
at specified wavelengths (i.e. k values) not propagation constants. The second is
the presence of ‘spurious’ modes—solutions of equation (1.3) that do not satisfy
the divergence condition

V-(eE) =0. (1.4)

Equivalent formulations may be made in terms of the magnetic field, H.

There is no requirement that the waveguide be isotropic and so € is a second
rank tensor that is Hermitian for a lossless medium as considered in this thesis.

The dominant numerical technique for the vector dielectric waveguide prob-
lem has been the finite element method and much effort has gone into eliminating
spurious modes [32, 33, 34] although the reason why they occur is not fully un-
derstood. The method is general but the leaning has been toward the slab waveg-
uide problem with few results for the circular fibre being available. The methods
are also applicable to anisotropic waveguides but little attention has been paid to
the off-diagonal permittivity components [35] and then only in a perturbative way.
This latter neglect may be due simply to the added numerical complexity involved.

The method of choice in removing the spurious modes has typically involved
the use of ‘penalty’ functions [36]. These functions which involve a free positive
parameter, called a penalty coefficient, are added to the functional used in a con-
ventional finite element approach. The penalty coefficient is usually chosen using



a least squares technique and the overall accuracy of the method does depend on
the choice of the penalty coefficient, a somewhat undesirable situation.

The latest vectorial finite element methods [34, 37] avoid spurious modes and
permit direct computation of the propagation constant [37]. The penalty function
approach is not used so these methods have somewhat enhanced accuracy because
an ad hoc parameter is not required.

The finite difference method has also been used previously to solve the vector
wave equation. Early methods [38] required the computation of Bessel functions
and were applicable only to radially inhomogeneous fibres. Decotignie, et. al. [39]
present a rather interesting non-uniform grid technique based on the vector poten-
tial A rather than on the E or H fields. The method is used to analyse the step-core
ellipse and overlapping circular twin-core fibres. Accuracy of the computed prop-
agation constants is typically in the range 1-5%. Because step-index fibres are
examined explicit boundary conditions are enforced in the analysis and add an
additional level of complexity.

Stern [40, 41] has applied a semi-vectorial finite difference method to a range
of slab waveguide problems. In this method the vector wave equation (1.3) is sim-
plified by assuming the modal field has a particular polarisation (e.g. x-polarised,
E = (E,, 0, E;)). The resulting algebraic eigenvalue problem is solved by standard
sparse matrix techniques.

For the purely radial, inhomogeneous, isotropic waveguide the staircase ap-
proximation technique [42] which has the advantage of providing the propagation
constant directly, has been widely used. In this technique the radially inhomo-
geneous refractive index profile is divided up into a number of layers that are
homogeneous and form a stepped approximation to the true refractive index pro-
file. In each of the homogeneous layers the longitudinal electric field E, and
magnetic field H, are known to be a linear combination of Bessel functions. The
field solution in each layer must match at the layer boundaries and this leads to a
system of linear equations for the unknown coefficients of the linear combination
in each layer. Typically a refractive index profile is subdivided into 50 or so layers
providing around 6 significant figures in the propagation constant. Dense matrix
techniques are used to solve the linear systems.

The Rayleigh method of Lo, et. al. [43] is also based on the longitudi-
nal field components but is applicable to the important case of multiple uni-
form isotropic cylindrical core regions. The connection between the cylinders is
achieved through the use of an algebraic identity (the ‘Rayleigh’ identity). Again,
a series of Bessel functions are used to represent the fields and the coefficients de-
termined as solutions of a dense linear system. Recently [44] the method has been
extended to the arbitrarily inhomogeneous cylinders via a staircase-approximation
to the refractive index distribution over each cylinder.

The method presented in Chapter 3 is a fully two-dimensional finite difference
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method based on the full electric field vector. Nonlinear scaling is used to map the
whole of the real plane into the unit square. Arbitrarily shaped core regions with
practically arbitrary permittivity distributions are accommodated. The novelty of
the method lies in its generality and unambiguous accuracy. In most optical fibres
there is no clear core-cladding boundary and so no boundary conditions other than
that at infinity need be applied. Spurious modes, although intrinsically present,
have not proved problematic.

1.4 Sparse Matrix Methods

A sparse matrix is usually defined to be a matrix in which a significant number
of the matrix elements are zero. Such matrices arise in a large number of appli-
cations. In particular, partial differential equations when discretized using either
finite elements or finite differences give rise to sparse matrices. In addition to
having many zero elements, matrices arising from the discretization of partial dif-
ferential equations are also large, often with many thousands of rows. The two
main algebraic problems associated with sparse matrices are the same as those for
dense matrices namely solving inhomogeneous linear systems and eigenproblems.

Of particular interest in sparse matrix work are storage schemes. Clearly the
conventional scheme of storing each matrix element in a two-dimensional array is
wasteful of space and becomes impossible for matrices larger than about 2000 x
2000 on most common modern computer hardware. The storage scheme used
throughout the codes written for this thesis is known as the compressed sparse
row (CSR) format. The CSR format is a fully general matrix storage scheme
using three one-dimensional arrays, two integer and one real, no zeros are stored,
see [45] for details.

1.4.1 Inhomogeneous Linear Systems

The methods for solving sparse linear systems divide into two broad groups. Di-
rect solution methods extend the standard techniques of Gaussian elimination
and the various matrix factorizations to sparse matrices. Such methods complete
in a necessarily finite number of computer operations. Iterative solution meth-
ods progressively refine an initial guess at the solution of a linear system so that
after some finite number of steps the current solution estimate is a good approx-
imation to the true solution. Such methods may not converge to the solution of
the linear system after an arbitrarily large number of steps for a variety of reasons
some of which are discussed below. Modern iterative methods, of which the best
known is the conjugate gradient scheme [46], are all part of a class of methods
based on the theory of Krylov spaces, see [47] for details.
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A complete survey of sparse matrix solution methods is beyond the scope
of this thesis, however, an attempt to provide reasonable entry points into the
literature is made.

For definiteness the generic linear system

Ax=b (1.5)

where A is an n X n matrix, the right hand side, b, is a column vector of length n and
x is the desired solution vector also of length 7 is used throughout the following
discussion. In addition, it is assumed that a unique solution exists, that is, A is of
full rank. A useful measure of the difficulty of solving Equation (1.5) is given by
the condition number, k,(A), defined by

Kp(A) = ]l A7], (1.6)

where || - ||, denotes any matrix norm. A condition number of unity indicates a
perfectly conditioned system and the larger the condition number the greater the
difficulty of solving the system.

Direct Solution Methods

Direct methods have dominated the sparse matrix field for the past thirty years.
The methods rely on the usage of graph theoretic techniques [48] to minimize
the bandwidth of the matrix A via permutations of its rows and columns. Such
bandwidth reduction has great impact on the memory requirements, and hence
the viability, of the solver. An excellent review of the most widely used ordering
algorithm is to be found in [49].

Direct methods are extensively documented in the books by George and
Liu [50] and Duff, et. al. [51]. Such methods are quite hard to implement because
of the necessary data structure manipulations that occur in the various phases of
the solution. Consequently, the best codes are proprietary (Harwell Subroutine
Library and Boeing Computer Services Library Extension) although they may be
available in source form.

State of the art direct solvers are of the multifrontal type [52, 53] a develop-
ment of the frontal method [54, 55] initially designed as a technique for solving
the linear systems that arise from the finite element discretization of partial differ-
ential equations. The advantage of multifrontal (and frontal) methods over con-
ventional LU-factorization is that the solution can be carried out in a much smaller
amount of memory. The amount of memory required for solution is usually pro-
vided to the user from subroutines used to set up the problem. In addition the
matrix factors may be written to disk rather than stored in memory thus reducing
the amount of physical memory required even further.
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Iterative Solution Methods

Although direct solution methods are used to solve the linear systems that arise in
Chapter 3 of this thesis initial attempts were made made with iterative techniques.
These failed primarily due to the difficulty of constructing a preconditioner for
systems in which the matrix A is nearly singular.

The efficacy of an iterative solver depends strongly on the disposition of the
eigenvalues of A. In general a matrix B, called a preconditioning matrix or pre-
conditioner, which is in some sense an approximation to A~! must be found in the
hope that the system

BAx = Bb (1.7)

is better conditioned than the original. There are a wide array of techniques for
constructing preconditioners of which the most widely used are the incomplete
factorizations in which some truncated form of the LU or Cholesky factors (if A
is positive definite) of A are used to implicitly construct B. Such an incomplete
factorization is almost certain to give a bad approximation to A~! when A is nearly
singular.

Compared to direct methods iterative methods are much easier to implement
usually requiring only scalar products and matrix-vector multiplication. Conse-
quently the matrix A need not be formed explicitly. Such methods are extremely
memory conserving and practical for the largest systems.

A good account of state of the art iterative methods may be found in the book
by Barrett, et. al. [56] which also contains a considerable number of references to
the original literature.

1.4.2 Eigenproblems

When a boundary value problem is discretized using finite differences or finite
elements the result will be an algebraic eigenproblem. The resulting matrices
will be large and sparse and the desired eigenvalues are usually the largest or
smallest in the spectrum (for an exception see Chapter 3). Clearly it would be
wasteful of computer time and memory, and indeed impossible in most cases, to
use a method that returned all the eigenvalues and eigenvectors. For this reason
iterative methods have dominated in sparse eigenanalysis.
The eigenproblems that arise in this thesis are of the form

Ax = ABx (1.8)

where A and B are symmetric positive definite, A is an eigenvalue and x the corre-
sponding eigenvector. When taken together, A and x, are referred to as eigenpair
and a system of the form shown in Equation (1.8) is referred to as a generalized
eigenproblem.
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The classic technique for solving Equation (1.8) is to factor B into its Cholesky
factors B = LLT and solve the equivalent standard eigenproblem

L'AL™T (L"x) = A (L x) (1.9)

using the Lanczos algorithm [57]. Indeed, the Lanczos algorithm can be recast so
as to not require the factorization which may in practice be computationally time
consuming.

Much effort has gone into the study of the symmetric and nonsymmetric Lanc-
zos algorithms and the related Arnoldi algorithm [58] for both eigenanalysis and
solving linear systems. The books by Parlett [59] and Saad [45] provide detailed
discussions of the state of the art in sparse eigenanalysis.

1.5 Applications

The finite difference solvers described in Chapters 2 and 3 are applicable to a
wide class of practical design problems. Two such applications are described in
Chapters 4 and 5.

Chapter 4 deals with design considerations for practical circularly birefringent
optical fibres. The calculations carried out show that the vector solutions to the
wave equation are required in certain problems of practical importance. Another
conclusion that can be drawn from Chapter 4 is that in order to make accurate pre-
dictions of complex fibre designs involving stress producing elements it is nec-
essary to have full knowledge of the permittivity tensor, including off-diagonal
elements, as opposed to simply the refractive index distribution. At this stage ex-
perimental determination of the permittivity tensor cannot be carried out so full
agreement between numerical simulations using the partial information contained
in the refractive index distribution and experiments with real fibres cannot be ex-
pected to be very good.

In Chapter 5 design tolerances and sensitivities of a twin-core fibre wavelength
demultiplexer are computed. These calculations make use of experimentally mea-
sured refractive index distributions—both one- and two-dimensional. In this case
the fibres are nominally stress free and agreement between numerical simulation
and experiment is adequate.

Future applications of the solvers include integration into an online facility
where experimentally measured refractive index profiles of fibres and preforms
are used as input data. The role of the system is perceived as being both in design
and quality control. Indeed, if the measurement of the refractive index distribu-
tion is accurate then the prediction from the solvers of the fibre’s electromagnetic
properties will be accurate to the same level as has already been noted by Jaunart,
et. al. [60].
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User documentation for programs written during the course of this thesis is
provided in Appendix B.
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Chapter 2

Numerical Solution of the Scalar
Wave Equation

2.1 Introduction

In this chapter a finite difference method for the solution of Maxwell’s equations
for the bound modes of a dielectric waveguide or optical fibre in the scalar (or
‘weak guidance’) approximation is presented. The method is extended to the full
vector equations in the next chapter.

The immediate aim is to develop and prove a method which is sufficiently gen-
eral and which yields solutions of high and unambiguous accuracy. Given such
accuracy, any disagreement between calculation and observation must be ascribed
to inadequacy of the model. The waveguide is modelled as straight and uniform
in the direction of propagation and defined otherwise by a dielectric tensor distri-
bution over its cross-section.

The longer term aim is to establish a reliable predictive system for linking ob-
served properties of waveguides to modal characteristics. Our main focus is op-
tical fibres. The dielectric tensor distribution over the cross-section of an optical
fibre is difficult to measure, particularly where there is significant stress birefrin-
gence, so that the information which the computational method uses as a start-
ing point is not usually available using present techniques with an accuracy that
matches the accuracy of the computation. This circumstance provides no justifi-
cation for employing computational methods of low or ambiguous accuracy. The
desired predictive system has two parts, first measurement and secondly calcula-
tion. If the computational part is beyond reproach, but predictions do not match
observation, then the spotlight is clearly focussed on the prior measurements.

The present chapter calculates modal properties—propagation constants,
fields, waveguide dispersion and cutoff—for a number of model refractive in-
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dex cross-sections, employing the scalar approximation. The main purpose is to
demonstrate the method, rather than make useful predictions about real fibres. The
usefulness for fibre modelling is illustrated in Chapter 5.

Evidence for the accuracy of the results is largely convergence of the propaga-
tion constant estimates (as the numerical mesh size decreases) and small residuals
and low spatial noise in the field estimate, especially those obtained on the finest
meshes. Further evidence is provided by the agreement between the numerical
results and analytic results where these are available, and by the consistency of
the results provided by different forms of the current method (for example, differ-
ent ways of mapping the infinite two dimensional cross-section of the fibre onto
the finite rectangular configuration space used for the finite difference computa-
tion). Evidence that the propagation constants are typically correct (as solutions
of the given mathematical problem) to 6 or more significant figures is presented.
Some indication of the accuracy of the corresponding fields is provided by the
fact that they satisfy the (finite difference form of) the field equations when sub-
stituted into it. A normalized mean square residual is calculated and indicates
an average accuracy of better than 3 significant figures in typical cases. Methods
based on expansion of the fields in terms of a (necessarily finite) series of analytic
functions inevitably impose an upper bound on the spatial frequencies which can
appear in the approximate representation of the field. It will look and be smooth,
whether it is accurate or not. Finite difference methods, on the other hand, im-
pose no upper bound on the spatial frequencies which can be represented, except
those determined by the mesh size 4. As the mesh size is reduced, new structures
appear in the finite difference representation of the field. Before the mesh size is
small enough to represent a given structure (because it is characterised by spatial
frequencies which are large compared to 1/h) the emerging structure appears as
noise. The contention is that the fields are at least as accurate as they look.

The most conspicuous limitation of the method is that it cannot handle too
complicated a refractive index distribution—because the mesh size required to ad-
equately represent the distribution is so small that computation time becomes too
long. With computing power represented by a Sun4/690MP a fibre with several
cores, each with some internal structure can nevertheless be handled. In general,
sharp boundaries in the refractive index distribution can be handled without con-
cern because both the field and its derivative are continuous everywhere. However,
the extrapolation technique described in Section 2.4 is ineffective.

2.2 Formulation

A dielectric waveguide is considered to consist of a uniform cladding medium
with refractive index n.; and a core medium with maximum refractive index n,.
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In order for such a structure to support bound propagating modes the core index
must be larger than the cladding index. The modes of the waveguide may be
obtained as solutions of the vector wave equation. However, it is well known that
if the profile height parameter

n2, —n?

A=—2 2.1
2n2, @D
is much less than unity then the vector fields may be constructed to sufficient
accuracy from solutions of the scalar wave equation [20]

82 82 2.2 2
(5t g ) W GG - B =0, 22)

where k = w/c is the free space wave number and f is the modal propagation
constant. A dielectric waveguide for which the replacement is valid is said to obey
the weak guidance approximation which, despite the terminology, does not mean
that the modes of the guide are weakly bound. All field polarisation information
is lost in the scalar formalism. It is important to note that the scalar theory is
only an approximation to the rigorous vector theory presented in Chapter 3. The
discrepancy between scalar and vector theory may also be quantified by using the
polarisation corrections given in [20].

The guiding structure is assumed to be uniform in the propagation direction
(z-axis) and accordingly a complete set of solutions can be found in the form

v = yexp(—i(ot — Bz)) (2.3)

The cladding is assumed to extend to infinity and all media are assumed to be
lossless.
It is convenient to introduce dimensionless length variables

X = kx (2.4)
Y = ky (2.5)
whence Equation (2.2) becomes
92 02 2 )
(W+W> v+ (n(X,Y)—n,)y =0, (2.6)

where k is the free space wavenumber and n, = 8 /k is the effective modal refrac-
tive index.

The infinite domain of X and Y is reduced to the unit square (uj,up) €
(—1/2,1/2) x (—1/2,1/2) by means of a non-linear transformation X = @; (u;),
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Y = @2(u2). The ¢; must increase monotonically from —eo to o as the u; increase
from —1/2 to 1/2. The functional form of the ¢; is constrained by the require-
ment that the features of the modal field be equitably represented in the (uy,u))
configuration space in which a uniform rectangular finite difference grid is used.
Satisfactory results were obtained with ¢; of the form

(pi(ui) =P (u,) tan(nu,-) + Pz(ui> tanh(au,-) 2.7)

where P; (4;) and P> (u;) are low degree even polynomials with real coefficients. In
particular, P> (u;) = 0 is suitable for central refractive index profiles. The P,’s and
the parameter a are chosen so that the field distribution both inside and outside the
core is equitably represented by the resulting finite difference mesh.

In order to maintain the self-adjoint property of the differential operator in
Equation (2.6) it is convenient to express second order partial derivatives in con-
figuration space as, for example,

82 8(,01 0 8(p1 0
= (2.8)
0X?2 0X 8([)1 12).4 o'?<p1

where the usual liberty of using a function involved in a coordinate transformation
as the symbol for that coordinate has been used. Carrying out the replacement of
the partial derivatives and multiplying through by

J = (u1) 93 (u2), (2.9)

the Jacobian of the coordinate transformation, gives the final form of the scalar
wave equation in configuration space

0 ($slw) 3\ 0 (olw) I : )
{8”1 <q’i(”1> ‘9”1> i (‘Pﬁ(uz) auz)] V) Ty _(;)10)

where ’ denotes differentiation with respect to the function’s argument. The only
restriction placed on y is that it vanish on the boundary because it represents a
guided mode.

2.3 Numerical Method

Equation (2.10) is discretized using first order forward and backward finite dif-
ference representations for the partial differential operators. The low order of
the discretization is offset by the use of Richardson’s ‘deferred approach to the
limit’ [61] to obtain high order and (in most cases) accurate results. To this end,
the resulting algebraic eigenvalue problem is solved on a sequence of increasingly
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fine meshes. The finite difference representation is chosen in such a way that the
resulting algebraic eigenvalue problem is real symmetric (or Hermitian).
Denote by I'| the forward difference operator that acts only on functions of u;,

1 1 00
0 -1 10
| 11
I = - 2.11)
h 1
0 _
0 _

where h = 1/N is the mesh spacing and N an integer with the grid having (N —
1) x (N — 1) interior points.

It follows that (—I"})7 is the backward finite difference operator that acts only
on functions of u;. Similarly we define I’; and (—FZ)T as the forward and back-
ward finite difference operators acting on functions of u, only.

With the notation introduced above the differential operator in equation (2.10)
may be written as the symmetric matrix

1 1
A= 3 [(-T) el + T g1(-T1)] + 3 [(-T2) g2l +T562(-T)]  (2.12)
where g; = diag(¢})/¢]) and g, = diag(¢]/@5). It follows that the finite differ-
ence representation of Equation (2.10) is

Ay =n2Jy (2.13)

where A = A +Jdiag(n?(uy,u,)) is a large, sparse positive definite matrix. The
positive definiteness of A follows by taking the product of Equation (2.13) on the
left with y and noting that the right hand side, which represents an energy, is
positive for all choices of y.

The structure of A; is identical to the matrix representation of the standard
five point finite difference Laplacian stencil. However, even if the g;’s are identity
mappings the actual elements of A differ from the (+1 +1 —4 +1 + 1) pattern
of the standard stencil. The reason for this is that the endpoints are handled more
smoothly rather than by simple truncation. The rows of A grade from (-3 +
1 4 1) at a corner point of the finite difference grid to (+1 +1 —3.5 +1 +1)
for points adjacent to the boundary and (+1 +1 —4 +1 + 1) for fully interior
points.

Equation (2.13) is a symmetric generalized eigenproblem; both A and J are
positive definite in all cases of physical interest. Reduction to a standard eigen-
problem is accomplished by taking the square root of J. This is trivial because J
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is diagonal and positive definite. The resulting standard eigenproblem is
Ay =ny (2.14)

where A = J~2AJ"7 and y=J 2 . The reduction to standard form is not neces-
sary but is desirable from the numerical point of view in that an overall reduction
in operations per iteration is achieved.

The largest eigenvalue of Equation (2.14) corresponds to the square of the ef-
fective index of the fundamental bound mode of the guiding structure. The square
of the effective indices of the higher order modes are available as the successively
smaller eigenvalues.

The required eigenvalues of Equation (2.14) were found using the block Lanc-
zos eigensolver provided as part of the BCSIib package from Boeing Computer
Services. The Lanczos process [57], [47] is a method of transforming a symmetric
positive definite matrix A into a tridiagonal matrix 7. In exact arithmetic the Lanc-
zos process produces an exact tridiagonalization in a finite number of steps but in
practice the process will break down before the tridiagonalization is complete due
to accumulation of roundoff errors. The remarkable property of the Lanczos pro-
cess is that as the tridiagonalization proceeds in an iterative manner the largest (or
smallest, depending on the how the problem is set up) eigenvalues of the succes-
sive partial tridiagonalizations are good approximations to the largest eigenvalues
of A. Approximations of the eigenvectors corresponding to the largest eigenvalues
of A are obtained by a back transformation of the eigenvectors of 7; (an i X i tridi-
agonal matrix), the partial tridiagonalization of A at the ith iterative step, using
auxiliary vectors (the Lanczos vectors) produced by the iterative process.

In its basic form the Lanczos process does not handle the case of multiple
eigenvalues particularly well. Several schemes have been proposed to alleviate
this difficulty; the most robust of which is a block form of the Lanczos process
in which a block size at least as great as the largest expected eigenvalue multi-
plicity is used [62]. This is the scheme used here. In addition to using a block
form of the Lanczos algorithm the BCSIib eigensolver also uses a shift-and-invert
strategy [45] to speed up overall convergence.

The BCSIib sparse eigensolver allows the user to specify an upper and lower
bound between which eigenvalues will be sought. For the purpose of the present
work this enables all bound modes to be found by restricting the search range to
lie between the refractive index of the cladding and the maximum refractive index
of the core. In particular, dispersion plots can be readily generated.

All fields are normalized in the J-norm, vis.

Ynorm = %{ (2.15)
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2.4 Verification

The method presented has been found to work for a wide class of refractive index
profiles whether analytical models or data obtained experimentally.
In order to provide a benchmark for the procedure the infinite parabolic profile

was used:
n?(R) = n&o(1 — 2AR?) (2.16)

where R = r/p, p = lum, nco = 1.5 and A = 10~*. The operating wavelength
was chosen to be 1.3um. The analytically determined [20] value for the square
of the effective index of the fundamental mode is 2.2412219159 compared to
the numerical result (see Table 2.1) of 2.241221914. Table 2.1 is typical of the

N n2
50 2.24123426604
2.24121161929
60 2.24123049158 2.24122192173
2.24121456284 2.24122191435
70 2.24122821605 2.24122191896
2.24121640187

80 2.24122673928

Table 2.1: Extrapolation table for infinite parabolic profile

triangular extrapolation tables produced by the method. The first column is the
number of mesh lines in the finite difference grid and the second column is the
raw value of the square of the effective index calculated numerically on that mesh.
Subsequent columns are obtained from the preceding column by eliminating the
leading power of 4 remaining in the error series. To obtain the second column
we eliminate terms linear in 4; the third column is obtained from the second by
eliminating terms quadratic in 4 and so on as we progress from left to right across
the table.
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Figure 2.1: Numerical and analytic field for infinite parabolic profile

The entry ng (rs)
column by the rule

in the sth column is obtained from entries in the (s — 1)th

2 (r—1,5s—1 2 (r+2,
2<r,s) _ N(r+3)ne (r—1,s—1) _N(r—l)ne (r42,s)

Ne
Nr13) =Ni—1)

(2.17)

where N(,,3) and N(,_) are the mesh-sizes (in the first column) immediately
above and below the desired new entry.

Notice that the entries in the (s — 1)th column straddle the new entry in the sth
column. The raw eigenvalues are needed to high accuracy (about 12 significant
figures in this case) because any noise in the original data will be amplified by
the extrapolation process. Convergence of the extrapolates is seen to be taking
place in a two sided fashion towards the centre of the table and also towards the
right. The right hand vertex of the triangle is the best approximation to the desired
eigenvalue.

Refractive index profiles with discontinuities do not permit the use of extrap-
olation and in this situation it is necessary to revert to one run with a fine mesh.
Numerical experiments have indicated that a mesh of 150 x 150 is sufficient to
obtain 6 significant figures in the great majority of cases although the actual mesh
size required for a given accuracy is somewhat scaling dependent.

The scalar field is also obtained to high accuracy as may be seen from Fig-
ure 2.4. The numerical data is that from the 50 x 50 mesh. The root mean square
departure of the numerical data from the analytic field is 3.5 x 1074,
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2.5 Example Applications

The technique presented in the previous sections cannot compete in speed with
methods that integrate the radial form of the wave equation [22] or techniques
that take advantage of core symmetry, for example finite element methods that
discretize one quarter of a four-fold symmetric core geometry [25]. However, for
refractive index distributions which lack radial or other obvious symmetries the
general technique described here provides a rapid means of solution. No special
triangularization or trial functions need to be chosen; merely an analytic or spline
representation of the refractive index profile is required. Choice of the scaling
parameters can be made rapidly by viewing the resulting field distributions on
extremely coarse meshes and with some experience parameters can be chosen
adequately from knowledge of the refractive index distribution without trial runs.

All surface plots are shown with the vertical axis labelled ‘Electric Field
Strength’ and although this is not strictly correct because the true propagating
fields are vectorial in nature, it is a valid description within the weak guidance
approximation.

2.5.1 Twin-core Fibre

As a non-trivial application results for a model of a twin-core fibre manufactured
at the Optical Fibre Technology Centre, University of Sydney are presented. The
experimentally determined refractive index profile is shown in Figure 2.2. These
data were obtained using a York Technologies S14 fibre refractive index profiler.
Some discussion of this profile is worthwhile as it is not immediately clear how
closely this resembles the true refractive index distribution of the fibre.

Notice that the experimentally measured cores are asymmetric. This is perhaps
due to experimental technique—it is difficult to ensure measurement is carried out
along the diameter of the fibre passing through the centre of both cores—or it may
be genuine. We have assumed that, since the cores are both derived from the same
precursor preform, they are identical and have modelled the profile analytically
by the expression

2 4
n(x,y) =ne + (A+ —r+(;€;y) ) exp (——r+(;2y) ) +

r_(x,y)? r(x,y)*
<A+ 7) exp (_T) (2.18)

where 74 (x,y)? = (x £5)? + (y £ 5)? with ng = 1.457, A = 0.005, a = 45um,
b =3.7um and s = 7.5um is half the core separation. The analytic profile is shown
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Figure 2.2: Experimental and model refractive index profiles
overlaid on the experimental profile in Figure 2.2 for comparison. The peak core-

cladding refractive index difference of 0.0065 is small enough to ensure that the
scalar approximation is valid. Tables 2.2 and 2.3 show the eigenvalue extrapola-

N n2

80  2.132993567

2.132955637
90 2.132989353 2.132973828
2.132959276 2.132973508
100 2.132986345 2.132973741 2.132973595
2.132961906 2.132973537
110 2.132984123 2.132973690
2.132963870
120  2.132982435

Table 2.2: Extrapolation table for first even mode of twin-core fibre

tions for the even and odd supermodes of the twin core fibre. Calculations were
carried out at a vacuum wavelength of 1.3um. Convergence to 2.1329736 and
2.1329006 respectively is clearly seen. The corresponding effective index values
are 1.4604703 and 1.4604453 respectively.
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2
N n;

80  2.132920900

2.132882453

90 2.132916628 2.132900899
2.132886142 2.132900567

100 2.132913580 2.132900809 2.132900666
2.132888809 2.132900600

110 2.132911328 2.132900756

2.132890800
120 2.132909617

Table 2.3: Extrapolation table for first odd mode of twin-core fibre

The modal coupling constant C is defined by [20]

C=05(8: —B) (2.19)

where 1 and B_ are the modal propagation constants for the even and odd su-
permodes respectively. The beat length z;, (i.e. the distance required for complete
power transfer from one core to the other and back again) is defined by
T

b= (2.20)
Using the values of the effective indices stated above, the beat length for coupling
between the even and odd supermodes of this fibre is 52.02mm. In fact the fibre
used in this study was designed to have minimal coupling between cores and this
is indicated by the relatively long beat length.

Representative field plots are shown in Figures 2.3 and 2.4. Note that the x-
and y-axes are labelled in terms of scaled distance, that is, distance in the config-
uration space and that the electric field strength is normalized as specified above
and displayed in arbitrary units. In general, transformation back to real Carte-
sian space must be carried out numerically due to the transcendental nature of the
transformations. Calculations involving the fields are as easily performed in con-
figuration space as in Cartesian space and so transformation back to real space is
rarely carried out. Display of the back transformed data is also somewhat more
difficult owing to the non-uniform grid spacing in real space.
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Figure 2.4: Odd supermode of twin-core fibre
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2.5.2 Single-core—Preform data

The method described is robust enough to be used to analyse proposed fibre de-
signs using scaled versions of preform data. It is then a relatively straightforward
matter to predict the cut-off wavelength for the second mode, group delay and
dispersion. Two-dimensional data from the preform or fibre profiler is also able to
be used and some results will be shown in Chapter 5. The data were fitted using a
natural cubic [63] or optionally a natural quintic spline [64].

Figure 2.5 shows the single core preform profile data that was used. No
smoothing of the profile was carried out so extrapolation over a sequence of mesh
sizes was not possible. The actual cladding index used was determined from the
Sellmeier expansion

n*(A) 1+i Ai” 2.21)
S5A*-B 12

using the coefficients for fused silica given in [65]. The core-cladding index dif-
ference was assumed to be independent of wavelength although inclusion of this
effect would be straightforward. The wavelength used was 1.3um.

0.0035 T T T T T T

0.003

0.0025

0.002

0.0015

Index difterence

0.001

0.0005

0
Distance (mm)

Figure 2.5: Preform profile data

The results are tabulated for a sequence of meshes in Table 2.4. These results
indicate an eigenvalue of 2.095294 to 6 significant figures and a corresponding
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effective index of 1.447513.

Grid size | Eigenvalue
50 2.0953001
100 2.0952946
150 2.0952940
200 2.0952936

Table 2.4: Eigenvalue data for real profile

A surface plot of the fundamental modal field is shown in Figure 2.6. The
slight dip in the centre is characteristic of fibres with strong central dips in the
refractive index distribution because the guiding region is tending to an annular
shape rather than cylindrical. Physically, the dip in the refractive index distribution

is due to germanium boil-off during fabrication and is a property of all fibres made
using the modified chemical vapour deposition technique.
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Figure 2.6: Fundamental mode of real profile

The dispersion curve for this fibre over the range 2 x 10°m~! <k <1x
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10’m~! is shown in Figure 2.7. Cutoff of the second mode occurs at A =
0.9267um.

1.46 T T T T T T T

1.455

1.445

Second mode

1.44
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Effective Index

1.43
1.425

1.42 I
i Second mode cutoff

1.415 L L L L i L L
2 3 4 5 6 7 8 9 10

6
Free snace wavenumber (x10 m 1)

Figure 2.7: Dispersion curves

2.5.3 Group Delay and Chromatic Dispersion

The group delay and chromatic dispersion are two important related parameters
that are often used in optical fibre work. An expression for the group delay can
be rigorously derived from the Helmholtz equation using perturbation theory. The
advantage of this approach is that numerical differentiation is avoided and the
chromatic dispersion may then be computed via a single differentiation.

Consider an arbitrary Hermitian eigenproblem in which the left hand side op-
erator is dependent on a parameter, 1)

AMy=A2Ay. (2.22)

Differentiating both sides with respect to 1 gives

dy  dAm) _,dy  dL
A(n)dn + an _;Ldn +dnl// (2.23)
where dA(n)
n
an v (2.24)



is to be interpreted as

d
—(A : 2.25
an AY) (2.25)
Multiplying on the left by y*!, the Hermitian conjugate field, and noting that
yiA =y} (2.26)
dA

then we arrive at an expression for an
ar S wdyax
dn  [[yHydydx

where the integration is over all the real plane. Comparing Equation (2.22) with
the Helmholtz Equation (2.2) and identifying

(2.27)

n o= &
r o= B
02 22
= @ tap Tk

and noting that g—; + 59_;2 commutes with d /d(k?) it follows that

dA  dA
dn — d(k?)
d 2.2
= aw
and so
d(B?) ST v (g (Pn?)y dydx g
A& " [ vydydx (228
or
d(B?) STV e ()] wdu duy 220
A0 = [yl du di (2.29)

in configuration space. The derivative in the numerator can be calculated analyti-
cally from the Sellmeier expansion so numerical differentiation is not required.
Numerically, the integrals may be replaced by inner products, giving

a(?) Vg en)ly
d(k?) ylIy

(2.30)
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The group delay is given by

dB
Ty =L— 2.31
¢ Tdwo 2.31)
where L is the fibre length, is readily expressible in terms of ‘fl((gzz)) by simple

application of the chain rule

~ L d(p?)
%= e d(i)

(2.32)

where c is the velocity of light in free space. The group velocity is the reciprocal
of the group delay

Vg =—. (2.33)

C=—~ (2.34)

where A is the free space wavelength and is of particular importance in optical
communication systems because it is directly related to the broadening of a light
pulse as it propagates along the fibre [66].

C may be easily re-expressed as

A d*n,
=2 (2.35)
and noting that
de _1( _dp
ar (”e dk) (2.36)
" B kd(p)
d kd
pral e (2.37)

it is evident that the chromatic dispersion is calculable via a single numerical
differentiation.

The accuracy of the computed chromatic dispersion is limited by both the error

2
'2((22)) and the intrinsic error in the numerical differenti-
d(p?)
d(k?)
calculated using a similar ratio of scalar products.

Plots of the group delay relative to the group delay at 1.3um (i.e. 7— 713)
and chromatic dispersion for the single mode fibre discussed above are shown in

Figures 2.8 and 2.9 respectively.

in the computed value of

ation scheme used. It should be noted that

is as accurate as B2 because it is
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Relative group delay (ns)

Chromatic dispersion (ns/(km.nm))
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Figure 2.8: Relative group delay over the range 1-3um

1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3
Wavelength (microns)

Figure 2.9: Chromatic dispersion over the range 1-3um
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With reference to Figure 2.9 it is evident that zero chromatic dispersion occurs
at 1.3um indicating that the fibre will have excellent transmission characteristics
at that wavelength.

2.6 Conclusion

The technique for solving the scalar wave equation described in this chapter is
extremely versatile in the range of fibre geometries that can be handled. It is robust
enough to handle the inherently noisy refractive index profiles obtained from a
preform profiler and fast enough to be a useful workstation (or well equipped PC)
based tool in a fibre fabrication facility.

On the downside, because it is fully two-dimensional, the method cannot com-
pete with techniques that integrate the radial wave equation directly or with finite
element methods that make use of symmetry to reduce the number of elements
required and hence the matrix order. However, the accuracy of the method is
unambiguous and is in complete agreement with other less general methods [24].

Speed comparisons against a locally available version of an implementation of
the method of Henry and Verbeek [29] come down in favour of the current method
at equivalent accuracy levels.
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Chapter 3

Numerical Solution of the Vector
Wave Equation

3.1 Introduction

The analysis of optical fibres using the scalar wave equation is not applicable to
all fibre designs that are currently being manufactured or contemplated. This is
particularly true in the area of fibre sensing where fibres with large degrees of
anisotropy and large core-cladding refractive index differences are being used.
For this class of fibre, recourse to the full vector wave equation must be made
with ensuing complications in the analysis—both analytic and numeric. These
complications arise from the generality of the vector wave equation and are par-
ticularly evident when the dielectric tensor that describes the fibre medium is not
isotropic.

The method for solving the vector wave equation described in this chapter
is the direct generalization of the scalar method described in the previous chap-
ter. The technique is in principle applicable to arbitrary lossless smoothly varying
permittivity distributions with some restrictions elaborated upon in the text. The
requirement of smooth variation rules out step profiles. In practice, however, the
vast majority of silica based optical fibres are manufactured using modified chem-
ical vapour deposition (MCVD) [67] and it is not possible, with this technique,
to manufacture true step profile fibres. In fact the edges of the refractive index
profile rarely fall faster than the super-Gaussian exp(—(r/a)®) for suitably chosen
a and usually no faster than exp(—(r/a)*) as may be seen by referring to figure
2.2.
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3.2 Formulation

Consider an arbitrary inhomogeneous anisotropic dielectric waveguide of infinite
extent. The propagating (or bound) modal fields of the guide are defined to be
those electromagnetic fields that propagate unattenuated along its length. Such
solutions can be written as

E(x,r) = E(x,y)exp|—i(owr— Bz)] (3.1)
H(Xat) = H(X,y) exp[_i(a)t_ﬁz)] (3.2)
where E is the electric field vector, H is the magnetic field vector, @ is the (angu-

lar) frequency of the fields and f is the modal propagation constant. Maxwell’s
equations may be written as

VxE = [pioH (3.3)
VxH = —¢&ioE (3.4)
V-(iH) = 0 (3.5)
V-(EE) = 0 (3.6)

where € is the permittivity tensor, [l is the permeability tensor of the dielectric
waveguide and the time derivatives have been explicitly computed using the form
of the fields above. The waveguide material is assumed lossless and not magneto-
active so € is a real symmetric second rank tensor [68] and it reduces to the scalar
Uo—the permeability of free space. No static fields are assumed present.

Taking the curl of Equation (3.3) and using equation (3.4) the vector wave
equation for the electric field vector is obtained

V x VxE = o*1yeE (3.7)

An equivalent equation for the magnetic field—H-—may also be obtained but
knowledge of the three electric field components is sufficient to calculate the H-
field (and vice versa) through equation (3.3) (or Equation (3.4)).
Equation (3.7) may be written in a more familiar form by using the vector
identity
VxV=-V24V(V.)

whence Equation (3.7) becomes
V2E - V(V-E) = —0* & E (3.8)

where &, is the relative permittivity tensor—in the isotropic case &. = n?, the re-
fractive index squared.
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Using the replacement a% = if3 equation (3.8) may be written componentwise

as
2 2 92 20
B —am  BL E, E,
2 29 2 | - —o?wes | E 3.9
~ 9xdy W—ﬂ —lﬁa—y y | = — 0O Ho&&r y (3.9)
.20 2d PP E E
_ZBEC _’ﬁa_y W—i_&_yz z Z

Introducing a change of length scale by X = Bx and Y = By reduces Equa-
tion (3.9) to

92 92 : 0
o 1 “gxov - Thox Ey , Ex
_&)?ay % 1 _iaiy E, | =-W7 | E, (3.10)
_i9 _j9 9% + 2% E; E;
0X Y 0x2 ' oJy2

where W? = % is the desired eigenvalue and is constrained by the condition

1/nco < W < 1/n. with n. the minimum cladding refractive index and n, the
maximum core refractive index.

The divergence equation V -D = 0 is automatically satisfied for all non-zero
values of .

The only boundary condition imposed is that the electric field vanish at infinity
limiting the treatment to permittivity distributions that are smoothly varying.

If, instead of scaling length by B, lengths had been scaled by k—the free space
wavenumber—as in the scalar method described in the previous chapter an eigen-
problem containing the eigenvalue both linearly and quadratically is obtained.
Such eigenproblems are not fully understood from the numerical standpoint.

Multiplying Equation (3.10) from the left by Ef reveals that the differential
operator is positive definite since EZ&E is proportional to the field energy.

The solution of Equation (3.10) by numerical means is hampered by the lack of
high quality Hermitian generalised eigenproblem codes and so the problem must
be reduced to real form while still maintaining as much generality and symmetry
as possible.

It is convenient to adopt the convention that the transverse components of
E—(E,,Ey)—are real while E; is pure imaginary. By demanding that the dis-
placement vector D = €E also has this structure the permittivity tensor is forced
to have the form

€1 €2 O
€= &1 & 0 (3.11)
0 0 &33

if it is to be all real, i.e., there can be no coupling between the transverse compo-
nents and the z-component. Physically, a tensor of this form describes a lossless
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medium in which one of the principal axes of the permittivity tensor is aligned
with the z-axis; a not unreasonable restriction given the geometry of an optical
fibre [69].

With the permittivity tensor having the form shown in equation (3.11) and
the electric field components having the real-imaginary structure stated above a
simple unitary transformation via

1 0 O
U=|1 01 O (3.12)
00 —i
reduces the wave equation to the following form
92 92 p)
Wa—zl —az—axay —§ E, . E,
“axor awxr L Ty E, | =-W% | E (3.13)
9 9 02 9 iE, iE,
X Y X2 ' 9y?

where Ey, E\, and iE;, are all real.
Equivalently Equation (3.10) can be converted into a 6 x 6 real problem by
using standard techniques described in [70] whence the operator matrix becomes

n %) 0 0 0 Im(t3)
t! t4 0 0 0  Imts)
. 0 0 6 Im(t;) Im(tZ) O
M= 0 0 —Im(l3) 5] 5] 0 (3.14)
0 0 —Im(ts) | ] 14 0
—Im(t3) —Im(t3) 0 0 0 fe

where the #;’s map to the elements of the left hand side matrix. Notice that the sym-
metric permutation row 6 <+ row 3 and column 3 <+ column 6 converts the 6 x 6
system into two disjoint 3 x 3 systems provided the permittivity tensor transforms
like the operator matrix under the permutation described above which it does if
and only if it has the structure shown in Equation (3.11).

The infinite cross-section of the waveguide is mapped into the unit square
(—%, %) X (—%, %) by means of a non-linear transformation

X = (pl(ul) (315)
Y = ¢(u2) (3.16)

where @ and @, are monotonically increasing functions of u; and u; that are at
least twice differentiable, respectively. Consequently, the Jacobian matrix

9X
8u1 O
= % ax (3.17)

Juy
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is positive definite because

dX dY

J= det(Jm) == 8_u18_uz

(3.18)

is always positive.
Applying the non-linear transformation to Equation (3.13) and multiplying
throughout by —diag(J,J,J) gives

J— 0 |9Xdw| J 9? Y d
dur | duy dY | dun Jduidun duy duy
2 _ 9 Jovom| a ax 9 |E=W2EE 3.19
9,01 ou; Lauz oX | 9w ow 9w J (3.19)
Y 9 X 9
~ 9wy duy ~ou 9wy to(ur,uz)

where

o 1.1) = — 9 [9Ydm] @ | 3 [9X dm] 3
ML) ="\ 5uy | 9ua 0X | 9wy Oy | 9uy 9Y | dua
and & = diag(J,J,J)E,.

The magnetic field may be obtained directly from equation (3.3) with appro-
priate transformation into configuration space.

3.3 Numerical Method

Equation (3.19) is discretized on a regular grid in transform space with care being
taken to ensure that the resulting matrix representation is symmetric.
Using the same notation as in the previous chapter, viz

[ —1 1 00
0 -1 10
-1 1

(3.20)

S| =

is the forward finite difference operator acting only on functions of u; where h =
1/N is the mesh spacing and N an integer with the grid having (N — 1) x (N —1)
interior points. Then (—I'1)7 is the backward finite difference operator acting
only on functions of u;. Similarly, I'; and (—FZ)T are defined as the forward and
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backward finite difference operators acting on functions of u, only respectively.
Then:

_ &auz [gi‘?}ﬂ aauz J—- %[(71“2)Tg2r2+1"§g2(—1“2)]
a‘?; S 0 (T (T + (-T2)7)]
o ST

- [i‘;gbﬂ 2 J—lTTar + g (<)
gliaauz — %‘Pﬁ[err(—Fz)T]

1
3 [(—T2) g2l + T3 g2(—T)]

With these replacements the operator matrix is fully symmetric and has the
non-zero structure shown in Figure 3.1.

e

Operator Matrix
Figure 3.1: The non-zero structure of the operator matrix
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As may be seen, the operator matrix has a distinctive block structure which is
not exploited in solving the resulting algebraic eigenproblem. However, the man-
ifest symmetric structure is utilised to minimize the overall storage requirements.

In final numerical form Equation (3.19) has the symbolic form

OE =W?¢/E (3.21)

where & is the numerical representation of the operator matrix and & =
diag(J,J,J)€e where J is defined in equation (3.18).

In order to gain some feeling for the spectrum of Equation (3.21) consider
counting the modes of the scalar wave equation discretized on the same mesh.
Notice that each mode of the scalar wave equation will in general split into two
polarisation degenerate modes and so will account for 2 degrees of freedom per
interior point, i.e. 2(N — 1)? modes, leaving an as yet unaccounted for (N — 1)?
modes. The additional modes are attributed to zero frequency solutions of the
wave equation arising from the neglect of the divergence equation. Indeed, for
N small (typically less than 30) the spectrum is clearly split into two groups.
One third of the eigenvalues lying near zero and the smallest of the upper group
corresponding to the fundamental mode. It follows that we must solve an interior
eigenproblem in order to find the fundamental mode.

As N is increased the gap between the two groups of eigenvalues diminishes
and there is a blurring together giving rise to the what are conventionally called
‘spurious’ modes—modes that lie within the allowed range of bound modes, sat-
isfy the boundary conditions but are not consistent with the divergence equation.

3.3.1 Rayleigh Quotient Iteration

Due to the large number of spurious modes Equation (3.21) was not solved using
the Lanczos method, as in the previous chapter, although the BCSIlib code has no
difficulties finding interior eigenvalues. Postprocessing to eliminate the spurious
modes was simply too computationally time consuming.

In order to avoid this postprocessing step Rayleigh quotient iteration
(RQI) [59] was used. The method is presented algorithmically below.

Choose starting vector Eq
Choose starting eigenvalue WO2
While not converged do

Solve (ﬁ— anS])E,H_l = gE,

E! .0OE,.,
Compute W2, = —pti—_ntl
P ntl = El e/E,q
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Compute residual and check convergence condition

Normalise E,, ;| in the £/-norm
end while

The proof that the above algorithm converges is standard and may be found
in [70].
The residual, r, is defined by
i EZH(ﬁ_WnZH)EnH
E,{_._lglEn—H

(3.22)

and the convergence condition, r < 1.0 X 108, ensures that we have the eigen-
value for a given mesh to about 10 significant figures and the electric field to about
5 significant figures. The fields are normalised in the €7-norm which is natural for
an eigenproblem of this form.

The rate of convergence under ideal conditions is cubic (i.e., the number of
digits in the eigenvalue triples at each RQI step) and it is almost always guar-
anteed to converge to an eigenvalue. These results are proved in Parlett [59] for
the standard eigenproblem and the extension to the generalised problem is triv-
ial because ¢ and g; are positive definite and any positive definite generalised
eigenproblem can be rewritten as a standard eigenproblem via the Cholesky fac-
torization. From the practical point of view such a factorization is usually not
necessary or desirable because the product of a lower triangular matrix with the
operator matrix will almost certainly be dense.

The downside of the method is that an indefinite linear system (i.e., the left
hand side matrix & —W?&; possesses both positive and negative eigenvalues) must
be solved at each iteration step and it is the efficiency of solving the system that
dominates overall performance.

Notice that as W2 approaches an eigenvalue of the system the matrix & —WZg;
becomes increasingly singular and the condition number of the system becomes
very large thus limiting the choice of methods available to solve the system. In-
deed, iterative methods are largely ruled out because of the difficulty of finding
preconditioners for near-singular systems. Direct sparse solution methods over-
come these problems that are inevitable with iterative methods and the method
used here is the multifrontal code available as part of the BCSlib-ext package
from Boeing Computer Services. The advantage of this code is that the matrix
factorizations can be stored out-of-core and so very large systems can be solved
in relatively small amounts of physical memory.

Even direct methods will be hampered by matrices that are near numerical sin-
gularity but the eigenextraction can proceed primarily because the error associated
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with the solution of the linear system is almost orthogonal to the space spanned
by the eigenvectors associated with the eigenvalue W2.

The eigenpair (i.e., eigenvalue-eigenvector pair) that the RQI scheme con-
verges to is largely set by the choice of starting vector and estimated eigenvalue
so they must be chosen carefully. Two techniques were used in practice. Firstly,
the problem can be solved using the scalar method described in Chapter 2 and
the resultant field and eigenvalue used as initial inputs. Alternatively, the prob-
lem can be solved on an extremely coarse grid where the number of eigenvalues
is relatively small. In either case results from coarse grids were used to seed the
calculation as the mesh size was refined. This is in some sense akin to a multigrid
method although user intervention is required when proceeding to the finer grid.

Polarisation degeneracy for problems with circularly symmetric cores can be
split in two ways: either the scaling functions ¢; () can be chosen to be slightly
dissimilar to ¢, (uy) thus breaking the symmetry in configuration space, or knowl-
edge of modal symmetry can be used. Both methods are viable. The first tech-
nique proved extremely useful for testing the code because both the eigenvalues
corresponding to the polarisation degenerate modes should converge to the same
value when extrapolated using the technique described in the previous chapter.

It is important to note that the formulation requires the specification of the
propagation constant 3 and returns k (via W?) as the eigenvalue. This is a some-
what unnatural formulation because the propagation constant is usually required at
a given operating wavelength. An iterative procedure over the value of B is used
to zero in on the wanted operating wavelength. In general, an operating wave-
length, A, is chosen and used to set the cladding index via a Sellmeier expansion.
An effective index n! is also chosen and used to compute the initial propagation
constant via By = n027/A. The value of W returned from the numerical solution is
then used to set the value of n! = 1/W and hence to set 8; = n)27/A. The refrac-
tive index distribution is also updated due to lengths being scaled by . Iteration
in this manner proceeds until | —n~1| is sufficiently small. The computational
cost of the additional iterations can be amortized by updating n, at every RQI step.
The overall problem solved may therefore be viewed as a nonlinear generalized
real symmetric eigenproblem and the solution method as a form of fixed point it-
eration in which the function evaluation is an eigenvalue extraction accompanied
by a recalculation of the refractive index distribution.

3.4 Verification

It must be emphasized that the technique described in this chapter cannot be used
to analyse fibres with permittivity distributions that are too steep. The previous
statement is deliberately vague but step profiles cannot be handled nor any profile
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with a discontinuity, however slight. The infinite parabolic profile again presents
itself as the perfect candidate for initial trial.

The profile used is identical to that in the previous chapter (Equation 2.16).
It is important to note that although all of the modes of the infinite parabolic
profile are bound; analytic solutions of the vector wave equation are known only
for the transverse electric (TE) modes [20] so the solutions sought are genuinely
vectorial. The TE-modes are labelled by a single integer, n, that describes the
azimuthal dependence of the electric field components and have E; strictly zero.
Attention is focussed on the TEy; mode for which the analytic value of W2 is
0.447939601 using results from [20].

For the vector solver the value of the propagation constant 8 is required as
input and the square of the reciprocal of the effective index is returned as the
eigenvalue. For agreement with the discussion in Chapter 2 the wavelength is set
at 1.3um and the input value of n, chosen as 1.494136484. The extrapolation
table produced by running the same problem on increasingly finer meshes and
extrapolating to zero mesh size using the technique described previously is shown
in Table 3.1.

N w2
80 0.44793382377
0.44794474218
90  0.44793503692 0.44793959453
0.44794371265 0.44793960320
100 0.44793590450 0.44793959690
0.44794296433

110  0.44793654630

Table 3.1: Extrapolation table for TEp; mode of infinite parabolic profile

The final numerical result of 0.447939603 differs by 2 in the ninth place from
the analytic result. The x- and y-components of the electric field are shown in
Figure 3.2 and the intensity distribution in Figure 3.3. All plots are shown in
transformed coordinates.
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Figure 3.3: Intensity of TEy; mode of infinite parabolic profile

An interesting test is afforded by noting that the infinite parabolic profile being
used is weakly guiding so agreement between the vector and scalar calculation is
expected for the fundamental (polarisation degenerate) modes (as well as for the
other modes).

The value of the propagation constant used was that obtained as the solution
of the scalar wave equation for the fundamental mode in the previous chapter. The
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resulting value of W? is 0.44618689 as may be seen from the extrapolation table
(Table 3.2). This corresponds to an effective index of 1.497068241 compared
to the scalar result of 1.49707111 a difference of 2.9 x 107° in agreement with
the perturbation theory result that the difference in scalar and vector propagation
constants is of order A} = 1076 [20].

N w2
80 0.44618385889
0.44618958488
90 0.44618449511 0.44618688425
0.44618904476 0.44618688974
100  0.44618495008 0.44618688575
0.44618865221

110 0.44618528663

Table 3.2: Extrapolation table for x-polarised fundamental mode of infinite
parabolic profile
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Figure 3.4: x- and y-components of x-polarised fundamental mode of infinite
parabolic profile
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parabolic profile

The field plots of the x-polarised fundamental mode are shown in Figures 3.4
and 3.5. The field components graphically show the often unappreciated differ-
ence in magnitude between the major field component (corresponding to the pre-
dominant polarisation direction) and the the minor field component (the compo-
nent orthogonal to the predominant polarisation direction) and the z-component.
Indeed, as expected [20] the minor field is down by a factor of A = 10~ and the
z-component is down by a factor of A? = 1072 compared to the major field. The
vector direction of the fields confirm the results of Zheng, Henry and Snyder [71].

3.5 Example Applications

In this section three non-trivial applications are shown. Each forms the basis for
material that will be discussed more fully in subsequent chapters.

It should be noted that the permittivity distributions for the vector program
are usually represented by analytic functions. Preform or fibre profiler data is too
noisy to be used directly. One solution which has had some success is to low pass
filter the data using a Gaussian windowing function in Fourier transform space.

3.5.1 Single core—Preform data

The profile analyzed in this section is identical to that used in Section 2.5.2 with
the exception that smoothing was carried out by fast Fourier transforming and
applying a Gaussian windowing or filter function. The filter function applied to
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the transformed data is

f2
F(f)= ——— 3.23
= (~L5) 5
where o is the smoothing parameter and f,, is the maximum frequency repre-
sentable by the FFT. The full-width at half-maximum is

FWHM = 26 f,, [In(2)]? (3.24)

so spatial frequencies higher than o f;, [ln(2)]% are strongly attenuated.

The raw and smoothed data are shown in Figure 3.6. The smoothing parameter
was set to 0.08 and f,, = 12.56um~!. The cladding index was set to the refractive
index value of fused silica at 1.3um.

0.003 T T T T
raw" ——
"smoothed" ----
0.0025 i
0.002 i
[0
o
C
(9]
o
£ 00015 B
x
(0]
o
£
0.001 i
0.0005 E
0 1 1 - t +
0 0.2 0.4 0.6 0.8 1

Normalized radius

Figure 3.6: Original and smoothed refractive index profiles

The initial value of n, was chosen to be 1.445 based on the scalar result for
the non-smoothed profile discussed previously. The eigenvalue estimates were
improved by extrapolation because the profile is smooth. The final computed
value of W2 is 0.47726824, correct to seven figures. Thus the effective index of
the fundamental mode is 1.4475006 at 1.3um.

The internal evidence for accuracy is afforded by the small size of the resid-
ual (defined in Equation (3.22)), r = 1.3 x 10722 on a 120 x 120 mesh, and the
consistency of the extrapolation table (see Table 3.3).
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N w2
70 0.47726663585
0.47726970987
80  0.47726702011 0.47726821238
0.47726937710 0.47726827009
90 0.47726728199 0.47726822970 0.47726824174
0.47726914762 0.47726825828
100 0.47726746856 0.47726823922
0.47726892052
120  0.47726771055

Table 3.3: Extrapolation table for smoothed real profile

Field plots of the x-polarised fundamental mode are shown in Figures 3.7
and 3.8.
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Figure 3.8: z-component and intensity of x-polarised fundamental mode of
smoothed profile

With reference to Figures 3.7 and 3.4 it is apparent that the minor field compo-
nent has considerably more structure than the minor field of the fundamental mode
of the infinite parabolic profile. This additional structure is present in the minor
field component of all fibres with a central dip in the refractive index profile and it
is at least qualitatively possible to infer the refractive index distribution from the
minor field even in cases when the major field component shows no visible central
depression.

3.5.2 Twin-core Fibre

The twin-core fibre analysed is identical to that treated in Section 2.5.1 using the
scalar solver. The nominal operating wavelength was 1.3um and the cladding
index set to 1.457.

In this case four modes were examined—the two polarisation modes corre-
sponding to the scalar even and odd supermodes. Results are shown in Table 3.4
where 1/W has been identified as the effective index.

Mode | Effective index
even X 1.4604662
even y 1.4604662
odd x 1.4604411
oddy 1.4604411

Table 3.4: Effective index values for x- and y-polarised even and odd supermodes
of twin-core fibre
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The breaking of polarisation degeneracy is not evident because the fibre is
weakly guiding. The beat length, z, =27 /| —
with the scalar result of 52mm.

The fields of the x-polarised even supermode are shown in Figures 3.9
and 3.10. Again, the additional structure due to the central dip in the refractive
index distributions of the constitutive cores is clearly visible.

,18 51.8mm in good agreement
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Figure 3.10: z-component and intensity of x-polarised even supermode of twin-
core fibre

3.5.3 Biaxial Fibre

In a crystalline material it is always possible to find a set of three orthogonal axes
in which the permittivity tensor is everywhere diagonal. These axes are termed the
principal axes of the permittivity tensor and define the optical axes of the crystal,
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that is, directions in which the phase velocity of the two linearly polarised modes
are equal. In an optical fibre such a global coordinate system cannot, in general,
be found.

The disposition of the elements of the diagonalized permittivity tensor is used
to optically classify the material. If all three elements are different the material is
termed biaxial and one of the principal axes is aligned with a symmetry axis of
the crystal. The direction of the other two principal axes is arbitrary in the plane
perpendicular to the first. In the case of a fibre it is convenient to take the z-axis
(that is the direction of light propagation) as the axis of symmetry and the other
two principal axes as lying along the transverse coordinate axes. Such a permit-
tivity tensor may be used as a model of a double bow-tie [72] or PANDA [73]
fibre. Interestingly, no closed form solutions can be found for fibres composed of
biaxial media [20].

The elements of the permittivity tensor are defined by

€1 = ng+AQ(x,a)
&2 = nga+AQ(y,a) (3.25)
&3 = ng+AQ(x,a)+AQ(y,a)

where

A
Oma) = exp | (%)

N\ 4 4
Ty Ty
0lva) = exp —(;) +wp—(;> ,

1

ri = [(xFb)*+y*]?,
1
ry = [FP+OFb)]%,

a =3.0um, b = 5.5um, n.,; = 1.457 and A = 0.002. Calculations were carried out
at a wavelength of 1.3um.

The x- and y-polarised modes of a fibre with the permittivity tensor given in
Equation (3.25) will have equal propagation constants and the fields will simply
be 90° rotations of each other because the x-polarised mode will be influenced
primarily by €11 and the y-polarised mode primarily by &, (both of course see
€33 equally). The value of the effective index computed on a 100 x 100 finite
difference grid is 1.457190 accurate to six significant figures.

The x- and y-components of the x-polarised fundamental mode electric field
are shown in Figure 3.11.
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Figure 3.11: x- and y-components of x-polarised fundamental mode of biaxial
fibre

For completeness, the x- and y-components of the x-polarised fundamental
mode magnetic field are shown in Figure 3.12.
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Figure 3.12: z-component and intensity of x-polarised fundamental mode of biax-
ial fibre

3.6 Conclusion

In this chapter a general finite difference method for the solution of the vector
wave equation in an optical fibre has been presented and examples indicating the
applicability of the method to a representatively wide range of problems exhibited.

Despite the fact that most fibres have circular symmetry the requirement to
handle arbitrary azimuthal variation of both permittivity distributions and field
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components justifies the decision to use Cartesian coordinates.

The program is sufficiently memory and CPU intensive that a well equipped
workstation with at least 64 Mb of RAM and performance in the 10s of megaflops
is required for adequate performance (a 100 x 100 grid problem solved in 10 min-
utes). However, with hardware prices falling and performance increasing at a
rapid rate such systems are now commonly available on the desktop.
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Chapter 4

Circularly Birefringent Optical
Fibres

4.1 Introduction

Practical design and manufacture of circularly birefringent optical fibres has long
been a goal of the optical fibre community. Such fibres have immediate applica-
tion in optical fibre sensors [74], communication systems and devices.

A consistent set of design rules for such fibres has only recently been devel-
oped firstly for weakly guiding fibres [75] and extended to the strongly guided
(i.e, large core-cladding index difference) case by Bassett and Shanahan [76]. An
outline of the theory will be presented below and the weak guidance approach is
shown to be consistent with the full vector treatment.

The theory is applied firstly to a model of a circularly birefringent fibre which
gives clear indications of the desired properties of the permittivity tensor and then
to a practical structure that is shown, theoretically, to exhibit useful levels of cir-
cular birefringence.

4.2 Circular Birefringence

A material is said to be circularly birefringent if left and right hand circularly
polarised light propagate with different phase velocities, that is, if the degeneracy
between left and right hand circularly polarised light is broken in the medium.
Equivalently, the left and right hand circular polarisations ‘see’ different refractive
indices, n; and n, respectively.

Consider a linearly polarised plane wave incident on a circularly birefringent
medium. Such a wave may be written as the sum of left and right circularly
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polarised components. In terms of the Jones’ calculus (see [77] for example)

1 _ Ey 1 Eol| 1
EO{O}—T{_i}—F?{i} 4.1)
where the left hand side of Equation (4.1) represents linearly (x-) polarised light

and the terms on the right represent right and left circularly polarised light respec-
tively. After propagating a distance d into the medium the field is given by

2

E

L eweminainy 2| ] Jeweminan) @2

where A is the free space wavelength of the light or, equivalently,

E:Eoexp(il,l/){{é]cos5+{?]sin5} 4.3)
where J
and J
5= W%’”) (4.5)

It is evident from Equation (4.3) that the direction of linear polarisation in the
propagated beam has suffered a rotation of d or a relative phase shift between left
and right circular polarisations of 28.

The circular birefringence, @, is defined as the phase shift per unit distance.
For the case above,

0

a = 2—

d

= k(n,—mny). (4.6)

In the vast majority of media circular birefringence is swamped by the linear bire-
fringence of the medium, being several orders of magnitude smaller.

In optical fibre parlance the left and right circularly polarised waves have dif-

ferent propagation constants and the beat length is defined by
2
ﬁl - Br

where f3; and J3, are the propagation constants, (27/A)n; and (27 /A)n, respec-
tively, corresponding to left and right circularly polarised modes.

= 4.7)
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The simplest means of producing a circularly birefringent fibre is to helically
wind a circularly symmetric standard fibre. Ross [78] observed that the plane
of polarisation of linearly polarised light launched into such a structure rotates
through an angle, 0 (relative to the polarisation direction of the incident light),
given by

6 = / vds (4.8)
where 7 is the (mathematical) torsion of the helix given by
db
T=n-— 4.9
n-— (4.9)

where n is the unit normal to the helix and b is the unit normal to the osculating
plane (both at a given point P on the helix); and s the arc length. The structure,
therefore, exhibits circular birefringence. Indeed, any space curve with non-zero
torsion must exhibit circular birefringence.

If a fibre is subjected to torsional stress (twisted) it will exhibit circular bire-
fringence due to the stress-optic effect. However, such torsionally stressed fibres
relax shear stress and will suffer mechanical failure before a usable level of circu-
lar birefringence is obtained [79]. Assuming 1000 turns per metre (quite close to
the fracture limit of silica fibre) the minimum circular birefringence beatlength is
~ l4mm.

A fibre that is spun during the drawing process will not be subject to torsional
stress and so will not be subject to direct mechanical failure. It follows that spin-
ning a fibre during drawing and thus introducing helicity may be a practical means
of producing a circularly birefringent fibre.

4.3 Bassett’s Analysis

Early analyses of spun circularly birefringent fibres based on ray optics [80] are
incapable of producing valid predictions as noted by [81]. An accurate analysis
is only possible if the form of the fields in the fibre are taken into account. The
first such analysis due to Bassett is reviewed here. The analysis is restricted to
weakly guiding waveguides and additionally it is assumed that the spin rate is
‘adiabatic’ that is sufficiently slowly varying so as to allow the use of coupled
local-mode theory with only the two polarisation states in the forward propagating
fundamental mode being excited [20].

Bassett proceeds by considering the way vector point functions transform un-
der rotation and shows that the coupled local-mode equations for the spun fibre

have the standard form
dc
—ld—: = Be, —Tsey—T ey (4.10)
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—i— 1 = Ber—TyLcs—Ter 4.11)

where the subscripted arrows indicate the polarisation, the ¢’s are the z-dependent
local-mode amplitudes and the I"’s are the coupling coefficients.

It is then shown that under conditions of weak guidance Equations (4.10)
and (4.11) reduce to

d 2

%2 = Bel— ity 4.12)
dz p
d 2

S = Bey+i Ty, 4.13)
dz p

where p is the spin-pitch of the spun fibre,

[ [axayz
Y= 4.14)

(/ dxdyxg) " (//dxdyx%) "

and the x’s are the scalar fields. The integrations are carried out over the full
cross-section of the fibre.

It is convenient to refer to the expression on the right hand side of equation
(4.14) as the overlap integral because it is a direct measure of the overlap of the
two polarisation modes. Clearly, it is maximum when Y, = ¥+ and minimum
when the two fields are maximally dissimilar.

Bassett then shows that in a fixed frame of reference the two independent
solutions of Equations (4.12) and (4.13) exhibit a circular birefringence of

a="(1-y) (4.15)
P

and that O < y < 1. The corresponding beat length, from Equations (4.7)

and (4.15), is
14

2(1=7)
The fundamental conclusions drawn are that the rotation of the modal po-
larisation will always lag the rotational pitch of the spun fibre and that in the
absence of material birefringence the circular birefringence will be zero because
then y; = -, in the weak guidance approximation.
The vector generalization follows from Equations (4.10) and (4.11) by retain-
ing all vector components. In this case an expression for I';; (the i, j range over

p= (4.16)
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—, 1) is derived, yielding

r:: — i /dd{x(hx _I_ah{j)_ah_{j)>
U aNgN, S ) OO T gy
_ (_hy + ah)(cj) _xahj(cj)>_|_hy (_ey + ae)(cj) _x%)
O\ T dy O\ T ok dy
_K ( S ae)(jl) o ae)(ll))} 4 17)
05 Xy (“.
where 1
1 . 2
N = {5 [ [ dxar(el, < w2 (4.18)

is the power in polarisation i (N(;) is defined similarly), superscript ¢ indicates
transverse field components, superscripts x and y indicate the x- and y-components
of the vector field respectively and the fact that transverse fields may be chosen to
be purely real has been used.

It is further shown that I'ty and I"_,_, are identically zero and that Iy, =
—I'_4. Finally, ¥ is redefined as

y=ilr,. (4.19)

The only restriction placed on the vector formulation is that the spin-rate be
adiabatic so that restriction to the fundamental forward propagating modes is
valid.

4.3.1 First Order Vector Corrections

The connection between the scalar and vector calculations carried out by Bassett
may be elucidated by finding the first order vector corrections that must be applied
to the scalar theory. Only I't_, need be considered.

The fundamental premise of the weak guidance approximation is that the vec-
tor modal fields may be expanded in terms of the profile height parameter

2 2
oo — Ny

A—
2n%0

(4.20)

A fibre is weakly guiding if A < 1.
The expansions for the electric and magnetic vector modal fields have the
form [20]
e = €0 AT A 4 AT IE -
h = WOLARS £ AR L AT RE3 -
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where e and h are the exact vector modal fields, Z is a unit vector in the z-direction
and the numerical superscripts separated from ¢ or z by a semicolon are used to
denote the order of the expansion.

Equation (4.17) does not contain any reference to the z-component of the fields
so the expansions above may be reduced to the form

e = e04pel! (4.21)
h = h94An"! (4.22)

to first order in A. Writing these componentwise and using the arrow notation
introduced above gives

e, = V4 Aen! (4.23)
e, = Ae¥l (4.24)
B, = ARS (4.25)
R, = 04+ AR" (4.26)

for the —- (x-) polarised mode and

e = Aef! (4.27)
¢ = e?o—i—Ae?l (4.28)
x x;0 x;1

L= 04 (4.29)
o= Ah?l (4.30)

for the 1- (y-) polarised mode. The additional superscripts x and y are used to
indicate the vector component of the appropriate polarisation mode.

Substitution of Equations (4.23) through (4.30) into the integrand in the nu-
merator of Equation (4.17) gives (see appendix A for details)

Integrand = eﬁoh’fo — e%ohy_;? +Aq(x,y) (4.31)
where

q(x,y) = ex—;?h)Tc;l +€x_;>1h?0—ey;0hﬁl —%%ﬁo

onit om! def!  der!
x;0 T i ¥;0 T T
tes (y o dy A o dy

x;0 x;0
- (yahT o}

_e_)

dx dy



and terms of order A have been dropped. From Maxwell s equations it follows
that the sign of e*0h 0is opposite to the sign of ey 70 and so the first two terms
in equation (4.31) effectively add.

The above analysis shows that, to a good approximation, ¥ may be computed
solely from the major field components in agreement with Bassett’s scalar result.

4.4 Numerical Calculations

In this section a potential design for a circularly birefringent fibre is examined. A
model of a circularly birefringent fibre is analysed in order to obtain estimates of
the effect of parameter variations on the degree of circular birefringence. In addi-
tion, a double PANDA fibre is analysed and the degree of circular birefringence
ascertained.

The 7y parameter was calculated using Equation (4.17) with all integrations
being carried out numerically in transform space. The mesh size used in all cal-
culations was 100 x 100.

4.4.1 Model Fibre

The fibre described in Section 3.5.3 when spun should give rise to a useful level
of circular birefringence, that is, the overlap integral of the x- and y-polarised
fundamental modes will be significantly less than unity.

The permittivity tensor is described analytically by Equation (3.25) and the
nonzero elements are reproduced here for convenience

&1 = ng+AQ(x,a)
&2 = ng+AQ(y,a) (4.33)
&3 = ng+AQ(x,a)+AQ(y,a)

where
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a = 3.0um, n,; = 1.457 with b and A variable. Calculations were carried out at a
wavelength of 1.3um.

The geometry of the cross-section of the fibre is shown in Figure 4.1. The
shading is used to indicate the contours of the major component of the electric
field in the respective polarisations. It should be noted that the x-polarised (y-
polarised) mode is influenced by the 22 (11) component of the permittivity very
slightly by cross-coupling through the minor field component.

NN s,
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Core regions

2b

X-polarised Y-polarised

Figure 4.1: Geometrical layout of model fibre

‘Core’ separation was varied while holding the core-cladding index difference
fixed at 0.002. The results are shown graphically in Figure 4.2. For core separa-
tions greater than 15um the structure is 2-moded, an undesirable complication.

Physically, the graph may be explained as follows. When the cores are well
separated the x- and y-polarised fundamental modes are most dissimilar so 7y is
relatively small. As the cores approach one another 7y increases towards its ulti-
mate value of unity that would be obtained when the guiding regions overlay one
another, i.e. b = 0.
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Figure 4.2: Plot of y versus half-core separation with An = 0.002

The refractive index difference was also varied while holding the core sepa-
ration fixed at 10um. The results are shown graphically in Figure 4.3. As the
refractive index difference is made smaller the fields spread more and so become
more similar. Consequently Y increases. For larger index differences the fields are
more confined to the cores and so 7 is relatively small.
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Figure 4.3: Plot of y versus An for fixed core separation of 10um

Contour plots of typical major fields of the x- and y-polarised modes are shown
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in Figure 4.4. The ‘hourglass’ shape of the fields is clearly visible.

X-polarisation Y -polarisation

©
©

Figure 4.4: Contour plots of typical major fields of x- and y-polarised fundamental
modes of biaxial fibre

4.4.2 Double PANDA fibre

One possible way of constructing a fibre with the required anisotropic permittivity
distribution is to use stress producing elements. Anisotropy is produced in the
permittivity tensor via the stress-optic effect [82]. The example presented is based
on a double PANDA structure although a double bow-tie fibre could also be used.

A conventional PANDA fibre consists of a central guiding core region con-
sisting of germanium doped silica and two symmetrically placed circular stress
producing regions consisting of boron doped silica. The introduction of boron
depresses the refractive index below that of the cladding whilst increasing the dif-
ferential thermal expansion coefficient relative to that of silica. The overall result
is that when the fibre is drawn there is a nett residual stress due to the differential
expansion between the silica cladding, the germanium doped core, and the stress
producing regions. This gives rise, via the stress-optic effect, to a permittivity
tensor that is biaxial with the stress induced optical axes aligned along the x- and
y-axes. It is the difference in stress induced permittivity components that give rise
to the linear birefringence properties of PANDA fibres. The difference in refrac-
tive index seen by x- and y-polarised light can be as much as a few parts in 1074
giving rise to a linear birefringence beatlength of about Imm at typical operating
wavelengths.
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Figure 4.5: Detailed geometry of cross-section through a double PANDA fibre

The single PANDA fibre does not possess the symmetry required for circular
birefringence as may be deduced from its linear birefringence properties. How-
ever, by introducing a second pair of stress producing regions identical to the first
with their centres placed on the axis orthogonal to the first pair a structure which
may be referred to as a double PANDA results. The cross section through a double
PANDA fibre is shown in Figure 4.5.

In order to proceed with the electromagnetic field analysis of the double
PANDA fibre it is first necessary to compute the permittivity distribution taking
into account the stress distribution due to the different thermal expansions of all
the regions. The approach taken is based on the plane strain analysis of Chu
and Sammut [69] with the conversion from stress tensor components to permit-
tivity tensor components following the treatment of Okamoto, et. al. [83]. Under
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the plane strain approximation the stress tensor, and hence the permittivity tensor,
have the form given in Section 3.2. A program for carrying out these computations
was provided by Dr D. Wong of the Optical Fibre Technology Centre, University
of Sydney. The required inputs are the fibre dimensions as shown in Figure 4.5,
the germanium and boron dopant concentrations, and the operating temperature
of the fibre.

The permittivity tensor components as produced by Wong’s program must be
smoothed before being used as inputs to the vector wave equation solver. The
smoothing was performed using two-dimensional Gaussian filtering in the fre-
quency domain with o, = 6, = 0.1—the direct generalization of the method de-
scribed in Section 3.5.1. Such smoothing is valid because the permittivity distri-
butions in a fibre manufactured by the MCVD process will have no sharp edges.

Usable levels of circular birefringence can only be produced if the x- and y-
polarised major field components are significantly distorted from the nominally
round fields found in ordinary fibres. Such distortion is seen if the core index
elevation is about the same as the stress induced index elevation. The off diag-
onal elements of the permittivity tensor are not small in relation to the diagonal
elements and so cannot be neglected. (Indeed, when working in Cartesian coor-
dinates the permittivity tensor of a standard circularly symmetric fibre including
stress, necessarily possess non-zero 12 (and 21) components in its permittivity
tensor.)

In order to maximize the stress induced refractive index the core region was
doped with boron. The germanium is introduced as an additional dopant to
slightly raise the core index above the cladding level. Boron doped regions are
inherently more absorbing than either pure silica or germanium-doped silica at
1.3um, however, at 633nm boron doping introduces no additional loss [84]. By
varying the boron and germanium concentrations it is possible to set the core index
to essentially any useful value whilst retaining the highest possible stress values
and it is tempting to remove the core altogether leaving a fibre in which guidance
is achieved purely through the stress-optic induced index elevations. Numerical
design studies show, however, that such structures do not provide sufficient guid-
ance.

The number of parameters required to fully define a double PANDA fibre is
large and full optimization is difficult. In order for the x- and y-polarisation modes
to have the same propagation constant it is mandatory to set a, = a3 and dp = d3.
The fibre radius d; was fixed at 62.5um the same as for standard communications
fibre. The other geometrical parameters were also held constant: the core radius,
a; = Sum, the stress region radii, a; = a3 = 12um and the offset of the centre of
the stress regions, d» = d3 = 26um. These values are typical for standard PANDA
fibres. The boron dopant concentration in the stress inducing regions was fixed at
20mol% well below the value of 25mol% at which the preform is likely to shatter.
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The boron concentration in the core region was also fixed at 20mol% in order to
produce maximum stress. The addition of germanium to the core does not change
the stress behaviour significantly.

Two fibres are examined. Fibre 1 has a core germanium concentration of
4.9mol% giving a peak core refractive index of 1.45907 somewhat below the peak
stress induced refractive index and fibre 2 has a core germanium concentration
of 5.3mol% giving a peak core refractive index of 1.45927 somewhat above the
peak stress induced refractive index. Both peak index values were computed at
0°C. Contour plots of the smoothed permittivity tensor components are shown in
Figures 4.6 and 4.7 for fibre 1. The plots show
inf

Agj; = & —

where elil-nf is the unstressed value of the permittivity of pure silica at the operat-
ing wavelength of 0.6328um and temperature of 0°C, in transformed coordinates.
The off-diagonal element, €;, takes the value zero in unstressed silica. The plots

clearly show the distortion introduced by the nonlinear scaling transformation—

A811 A822

Figure 4.6: Contour plots of €11 and &,

the elongated elliptical contours near the edges of the plots correspond to the stress
inducing regions which are round in real
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space. The biaxial nature of the permittivity tensor is clearly evident from these
figures.

33 Ag |,

Figure 4.7: Contour plots of €3 and €;»

Results

Plots of the x-polarised electric field components for fibre 1 at 0°C are shown in
Figures 4.8 and 4.9. The elongation of E along the x-axis is clearly visible and the
intricate structure of Ey is also of interest. It should be noted the peak magnitude
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Figure 4.8: x- and y-components of x-polarised electric field

of E, (the nominal ‘minor’ field) is greater than the peak magnitude of E,. This
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last result is not too surprising given the experimental observations of the minor
field of a bow-tie fibre by Varnham, et. al. [85].
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Figure 4.9: z-component and intensity of x-polarised electric field

The results of the numerical computations are displayed in Table 4.1. The beat
length was calculated using an assumed spin-pitch p = Imm. It is to be observed
that ¥ increases when the refractive index difference between core and cladding

fibre 1 @ 0°C | fibre 1 @ 20°C | fibre 2 @ 0°C | fibre 2 @ 20°C
Nt 1.458860 1.458868 1.458969 1.458987
Y 0.901 0.913 0.953 0.959
2o (mm) 5.05 575 10.64 12.20

Table 4.1: Results of numerical computations for double PANDA fibres

is increased and when the temperature is increased. The reasons are as follows:
when the core-cladding index difference is increased by adding additional ger-
manium dopant to the core there is only a minimal increase in the stress induced
refractive index and so the modal fields are more tightly bound to the core hence
the two polarisation modes are more similar and ¥ increases. Similarly, when
the temperature is increased the stress induced index falls whilst the core index
remains essentially constant hence the influence of the stress induced index de-
creases and so Y increases.

Calculation at two different temperatures enables an estimate of the thermal
stability of the circular birefringence to be made. For fibre 1 a simple calculation

gives an increase in beat length of 0.69%/°C and for fibre 2 an increase in beat
length of 0.73%/°C.
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Figure 4.10: Sections through the major electric field component along the x- and
y-axes for fibre 1 @ 0°C

It is also important to have some idea of the mode field diameter within the
fibre in order to estimate both loss due to absorption in the boron stress regions and
the ease of coupling to standard fibres. Figure 4.10 shows cross-sections through
the major field components along the x- and y-axes for the nominal worst case of
fibre 1 at 0°C. The 1/e mode field diameters are 34um and 20um respectively and
should be compared with the usual 8 to 10um mode field diameter of a standard
fibre.

4.5 Conclusion and Discussion

In this chapter some practical designs for a circularly birefringent fibre have been
presented. The fibres do not satisfy the usual ‘weak guidance’ condition (because
the minor field is large). The full vector theory is required in order to make use-
ful predictions. The designs presented need some tuning particularly to reduce
the mode field diameter. Such tuning may be difficult within the current design
framework given that the modal fields must be strongly influenced by the stress
induced refractive index which is necessarily small thus requiring that the relative
core index elevation be low and hence allowing the modal fields to spread signif-
icantly into the cladding. The bending loss must also be calculated because this
will dictate the physical arrangement of such fibres and hence strongly influence
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their application to various types of sensing and communication systems.

Laboratory demonstration of the viability of the design is, of course, necessary.
Fabrication should not be much more difficult than a standard PANDA fibre. It is
hoped that a sample of fibre will be available in the near future.

68



Chapter 5

Twin-core Wavelength
Demultiplexer

5.1 Introduction

The twin-core fibre is the simplest of multiple core fibre structures yet it exhibits
a range of theoretically interesting and practically useful properties. In particular
if the two cores are sufficiently similar and relatively close together, coupling will
occur between modes of equal (or nearly equal) propagation constants in each
core. This modal coupling is analogous to the behaviour of coupled pendula.

An analytic solution of optical coupling in multi-core fibres was first presented
by Jones in 1965 [86] who arrived at a pair of coupled differential equations via
an integral equation approach to the problem. General coupled-mode theory for
an essentially arbitrary number of coupled cores was described by Snyder [87]
and forms the basis of the formal electromagnetic approach to the problem. Un-
fortunately, the coupled-mode equations are normally insoluble analytically so it
is necessary to either solve them numerically or by various approximation tech-
niques.

An alternative and much more intuitive approach is afforded by regarding the
modes of the coupled twin-core structure as superpositions of the modes of the
uncoupled fibres [88]. Such superposed modes are known as ‘supermodes’. Su-
permodes are the exact modes of the twin-core structure. However, if the con-
stituent single core fibres are single-moded and polarisation is neglected then the
supermodes are given approximately as the even and odd superposition of the sin-
gle bound mode. The two superpositions are usually referred to as the even and
odd supermode because of their symmetry with respect to the fibre axis as shown
in Figure 5.1.
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Figure 5.1: Even and odd supermodes in a twin-core fibre

Analysis of twin-core structures using supermodes proceeds by finding the
modes of the individual fibres in isolation and using perturbation theory to com-
pute the propagation constants of the even and odd supermodes [20]. Such an
approach is strictly valid when the coupling is weak (i.e., the cores are well sepa-
rated) but in practice good results are obtained down to the point when the cores
virtually touch [89].

A third approach is to solve the wave equation (essentially exactly) numer-
ically in the twin-core fibre and this is the method used here. No limitation is
placed on the strength of the coupling and as perturbation methods are not used
the results obtained are as accurate as the solutions of the wave equation.

5.1.1 Wavelength Demultiplexing

The ever increasing demand on communication systems is to carry more infor-
mation over pre-existing channels. Today, most high data rate communication
systems use some form of wavelength-division or time-division multiplexing. In
the former, signals with different information content are sent at different wave-
lengths over the same communication channel and in the latter (digital) signals
with different information content are allocated a portion of time over which they
are transmitted. Both methods achieve the same end—more than one information
bearing signal is available at the receiver. (Wavelength-division multiplexing is
not restricted to digital signals, however, time-division multiplexing of a group of
analogue signals would be extremely difficult to realise in practice.)

At the receiver the inverse operation has to be performed that is, the incoming
multiplexed signal has to be demultiplexed to yield its constituent information
containing components. In this chapter a novel design for an all-fibre optical
wavelength demultiplexer is examined. The work is a large collaboration between
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workers at the University of Sydney (Dr S. B. Poole, Dr G. A. Atkins, Mr P.
Coghill, Mr D. Thorncraft, Mr J. Shun and the author), the University of New
South Wales (Prof. P. L. Chu and Dr P. Allen), the Australian National University
(Dr J. D. Love and Dr S. J. Hewlett) and Siemens Ltd. (Mr B. Gillhoff and Mr J.
Arkwright) with the ultimate aim of producing a commercially viable twin-core
wavelength demultiplexer.

The essential requirements are to split a 1.55um digital (telephone) signal from
a 1.3um analogue (cable television) signal with better than 40dB extinction ratio.
Such a high extinction ratio is required to ensure purity of the analogue signal. If
both signals were digital a more modest 20dB extinction ratio would suffice.

5.2 Twin-core Wavelength Demultiplexer Design

5.2.1 Twin-core Fibre Coupling Properties

It is customary to describe the coupling between modes of a twin-core optical
fibre in terms of a coupling coefficient, C, defined by

1
C=§|/31—ﬁ2| (5.1)

where B and 3, are the propagation constants of the even and odd supermodes
respectively.

If the cores are identical then the power transfer from core 1 to core 2 (refer
to Figure 5.1) and vice versa is a function of distance along the fibre [20] with a
particularly simple form,

Pi(z) = cos*(C7) (5.2)
Py(z) = sin®(Cz), (5.3)

where it has been assumed that P;(0) = 1 and P,(0) = 0. Hence all the power in
core 1 is transferred to core 2 and back to core 1 again in a distance of

T
=G (5.4)

referred to as the beat length.

5.2.2 Principle of Operation

The coupling coefficient clearly depends on the wavelength of operation, core ra-
dius, core separation and refractive index profile of the constitutive cores. If these
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parameters are chosen appropriately it is possible for the beat length at 1.3um to
be twice that at 1.55um allowing the two wavelengths to be conveniently accessi-
ble at the output ports of the device. A schematic representation of such a device
is shown in Figure 5.2. With three free parameters to choose the design problem
is difficult. However, the core radius and profile can be fixed (essentially) d priori
during preform manufacture provided the final fibre diameter is specified. Then,
the problem is reduced to finding the centre-to-centre core separation, d, at which

2(1.3) = 22,(1.55). (5.5)

core 1

Figure 5.2: Schematic of twin-core wavelength demultiplexer

Optical wavelength demultiplexers relying on this principle of operation have
been fabricated recently using planar waveguide technology [90]. Such devices
are also of interest as multiplexers in order to combine pump and signal beams in
optical amplifiers [91]. An all fibre twin-core wavelength demultiplexer relying
on bending the fibre in the plane of the cores has also been recently reported [92].

5.3 Device Specification and Tolerance

In order for such a demultiplexer to be practically usable in a consumer device it is
necessary that device length be not longer than about 10mm, i.e. z;(1.55) < 10mm.
The fibre to which the demultiplexer will be attached is a standard single mode
communication fibre with a nominal refractive index difference of 0.005 and a
nominal core radius of 4um. For reasons of field matching it is convenient to
construct the multiplexer from an equivalent fibre.
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5.3.1 Analytic Approximation

An approximation of the core spacing and device length can be calculated using
standard results for two parallel step-profile circular cores. The coupling coeffi-
cient is given by [20]

[ mA %Uzexp(—Wd/p)
= (wan) v 0

where A is the normalized profile height, p is the core radius, d is the centre-to-
centre core spacing, W = p (% — kzngl)% is the (bound mode) cladding parameter,
U=pk®n2, — /32)% is the core parameter and V = kp (n2, — n?l)% is the normal-
ized frequency and K () is the modified Bessel function of the first kind and order
1.

For purposes of approximation assume that V ~ 2.2 whence U ~ W ~ V' / V2
(see table 14-4 in [20]) in which case Equation (5.6) becomes

C= (_ﬂm) e (varvan) . (5.7)
Vip ) KWV

Equation (5.7) can be used to determine the coupling coefficients as a function
of core separation at wavelengths of 1.3um and 1.55um. By setting p = 4um and
A = 0.005 the ratio, R(d), is given by

2RIV (—(V1 +V2)d/4\/§> (5.8)

where k; = 27m/(1.3 x 107°®)m™! = 4.833 x 10°m~!, k, = 27/(1.55 x
1076)m~! = 4.054 x 10°m™~'; and V; = 1.93 and V, = 1.62 calculated using the
definition for V above.

A plot of R(d) versus d is shown in Figure 5.3 clearly indicating that a beat
length ratio of 2:1 occurs at around d = 20.1um. The device length is approxi-
mately 5.5mm. It must be noted that the approximation used is fairly rough but
it does show the feasibility of an all fibre wavelength demultiplexer meeting the
design goals.
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Figure 5.3: Approximate analytic determination of core separation

5.3.2 Calculations Using Preform Data

A preform—designation AD227—with An ~ 0.005 and core radius 0.4mm was
fabricated at the Optical Fibre Technology Centre (University of Sydney) using
the modified chemical vapour deposition process [93]. The refractive index profile
is shown in Figure 5.4. It must be pointed out that Figure 5.4 shows a single
core which is used to form the twin-core fibre using the technique outlined in
section 5.4.1 below. The inhomogeneity over the core region is clearly visible
making an analytic calculation all but impossible.
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Figure 5.4: Preform profile of AD227

In order to compute the core separation required to produce a beat length ratio
of 2:1 it was assumed that both cores were identical. Calculations were carried
out using the scalar solver described in Chapter 2 on a 200 x 200 grid providing
7 significant figures in the propagation constant and hence about 0.1% accuracy
in the beat length. The cores were scaled down to 4um radius for calculation
purposes.

A plot of beat length versus core separation is shown in Figure 5.5. From
the graph, the core separation required for demultiplexing 1.3um radiation from
1.55pum radiation is 13.93um and the device length is 8.28mm.
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Figure 5.5: Beat length ratio for twin-core fibre composed of preform AD227

Independent calculation of the required centre-to-centre core separation by
Hewlett and Love [94] gave a value of 14.03um. The computed device length
was 7.92mm. The slight discrepancy is most likely due to the different way the
experimental data is fitted to the assumed uniform cladding in the two different
numerical methods. However, it must be noted that the core separation value lies
within the tolerance computed below.

5.3.3 Tolerances

Ideally the product of the coupling constant at 1.55um and the device length must

satisfy
C(1.55)z(1.55) =2n (5.9)

for 100% power transfer from core 1 to core 2 and back again. However, due to
tolerance in the manufacturing process it is unlikely that such exact behaviour will
occur in practice. The -40dB crosstalk criterion can be used to place tolerances on
the design parameters. The simplest way of setting the tolerance level is to view
any shift from the ideal as a small error, 0, in Equation (5.9) which then becomes

C(1.55)2,(1.55) = 2w + 8. (5.10)

Substituting into Equations (5.2) and (5.3) and noting that cos?(27 + 8) ~ 1 and
sin?(27 4 &) ~ 82 for small &, the crosstalk criterion becomes

SSﬁ. (5.11)
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That is the beat length and hence the beat length ratio must be within 1% of the
nominal value of 0.5—0.495 < R(d) < 0.505—in order for correct demultiplexing
action.

The effect of variation in design parameters was quantified by perturbing one
parameter from its nominal design value (whilst holding all other parameters con-
stant) and monitoring the beat length ratio. It is implicitly assumed that the param-
eters of each core will change in the same manner over the device length because
the entire demultiplexer will be formed from a very short piece of the preform.

The peak refractive index difference was varied from 0.004 to 0.006 and the
beat length ratio computed. A plot of the variation is shown in Figure 5.6. The
monotonically decreasing behaviour of the An versus R plot can be analytically
verified from Equation (5.8) where the An variation comes in through the V value.
At the design value of An the beat length ratio is 0.5.
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Index ditterence

0.0045

0.004
0.44 0.46 0.48 0.5 0.52 0.54 0.56 0.58
Ratio of beat lengths

Figure 5.6: Effect of core An variation on beat length ratio for twin-core fibre
composed of preform AD227

The required design tolerance on An is 0.00494 < An < 0.0055 thus the value
of An must lie within -1.2% and +1.0% of the specified value.

Variation in core radius also has an effect on the beat length ratio. Calcula-
tions were carried out in the same manner as for the An variation and results are
shown in Figure 5.7. Second order effects are now evident as the plot is no longer
monotonic. The beat length ratio is relatively insensitive to radius variation and
the core radius can lie between 3.38um and 4.09um whilst still satisfying the beat
length criterion to within the 1% level. The tolerance specification is therefore
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rather wide—the core radius must be within -15.5% and +2.25% of the nominal
design value of 4um. The wide tolerance is to be expected due to the second order
influence of the core radius on beat length ratio. The effect cannot be predicted
analytically using the simple approximation presented above.
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Figure 5.7: Effect of core radius variation on beat length ratio for twin-core fibre
composed of preform AD227

Referring to Figure 5.5 it is apparent that in order for the beat length ratio to
lie within +1% of the design value the core separation must fall within the range
13.82um < d < 14.052um, placing fabrication tolerances of -0.79% and +1.1%
on the core separation.

It is evident that accuracy in setting the core separation is most critical in ob-
taining a working device. This can be further quantified by using the sensitivity
parameter. This parameter is commonly used in electronic filter design [95] to
compute the effect of changing circuit component values on the frequency re-
sponse of the filter.

The sensitivity, S}, of an output v dependent on a parameter p is defined by

s =P

y (5.12)

T vap

If §), <<'1 then the output is insensitive to changes in the parameter v. Con-
versely, if S}, = 1 or greater then the output is extremely sensitive to changes in
the parameter p.
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In this case the beat length ratio, R, is viewed as the output and is dependent
on the core separation, d. Then, S§ is given by

g _ 4R
Sh =25 (5.13)

The sensitivity of beat length ratio as the core separation changes is shown in
Figure 5.8. The fact that the sensitivity is negative reflects the fact that as the core
separation increases the beat length ratio decreases.

-0.95

sensitivity

-1.15

-1.25

-1.3
13.8 13.85 13.9 13.95 14 14.05 1441 14.15 14.2
Core separation (microns)

Figure 5.8: Sensitivity of beat length ratio to core separation for twin-core fibre
composed of preform AD227

The sensitivity does not fall much below unity across the entire scanned range
of core separation indicating the extreme dependence of beat length ratio on core
separation.

Independent calculations by Hewlett and Love [96] using a different preform
profile and different numerical wave equation solver have yielded similar toler-
ances in the design parameters of a twin-core fibre demultiplexer.
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5.4 Twin-Core Fibre—Fabrication, Simulation and
Performance

5.4.1 Fabrication

The preform AD227 was used to fabricate the twin-core demultiplexer to the given
design. The fabrication process [93] involved cutting the preform in half to yield
two single core preforms. These preforms were then cut longitudinally and pol-
ished down so that when rejoined and drawn the core separation met the previ-
ously specified core-to-core separation. The twin-core preform was designated
AD237.

The overall twin-core preform fabrication process is shown schematically in
Figure 5.9.

Single core preform
(AD227)

Cut and

polish

Twin-core preform
(AD237)

Figure 5.9: Steps in fabricating twin-core preform AD237

The twin-core preform was drawn down to form a 130um diameter fibre giving
a measured centre-to-centre core separation of 14.03 £ 0.05um. Both cores had
a measured radius of 8.3 +£0.05um. A fibre refractive index profile could not be
obtained due to the diameter of the fibre being too large for the fibre refractive
index profiler.
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5.4.2 Simulation

Figure 5.10 shows a surface plot of the refractive index profile of preform AD237
as measured on a York Technologies P102 preform profiler. Due to the unavail-
ability of a fibre profile the preform profile was scaled down using the experimen-
tally measured fibre core-to-core separation value.
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Figure 5.10: Two-dimensional refractive index profile of preform AD237

Computation of the effective indices of the even and odd supermodes, modal
fields and beat lengths at 1.3um and 1.55pum were carried out using the scalar wave
equation solver on a 100 x 100 finite difference grid. Results are shown below in
Table 5.1. The refractive index values were fitted to the grid using 2-dimensional
cubic spline functions [63]. No smoothing of the data was performed.

Parameter 1.3um 1.55um
n, (even) 1.448111 | 1.444825
n (odd) 1.447814 | 1.444421
beat length (mm) 4.38 3.84

Table 5.1: Computed parameters based on preform AD237

The cutoff wavelengths for the first six modes were also computed and are
shown in Table 5.2. The computed cutoff wavelength for the second mode of a sin-
gle core fibre based on preform AD227 is 1.138um. The fact that the second and
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third mode cutoffs of the twin-core fibre are below the single core second mode
cutoff value while the fourth and fifth mode cutoffs are above is consistent with
analytic results for coupled step core profiles due to Love and Ankiewicz [97].

Mode cutoff | Wavelength (um)
second 2.407
third 1.208
fourth 1.179
fifth 1.118
sixth 1.082

Table 5.2: Cutoff of the lowest six modes based on preform AD237

Using the values for the beat length shown above the beat length ratio was
found to be 0.89—very different from the design goal of 0.5.

The modal fields of the even and odd supermodes at 1.55um are shown in
Figure 5.11. The smoothness of the field plots again attests to the robustness of
the scalar solver even in the presence of extremely noisy data.
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Figure 5.11: Nominally even and odd supermodes computed from preform
AD237

It is evident from the modal field plots that a twin-core fibre formed from
preform AD237 will perform extremely poorly as a coupler at 1.55um because
of the disparity in field amplitudes in the two cores. The coupling strength was
estimated to be 35% from the calculated modal fields. The poor coupling is due
to the lack of similarity in the refractive index profiles of the individual cores
because of the lack of fine control in the MCVD process. It is well known [88]
that the cores of a twin-core fibre must be nearly identical for significant power
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transfer from one core to the other. Hence the device will perform poorly at all
wavelengths.

5.4.3 Performance

Three lengths of fibre were drawn from preform AD237 and each was charac-
terised for cutoff [93], coupling and demultiplexing [98].

The measured cutoff value for a length of single core fibre drawn form AD227
was 1.050um which is not inconsistent with the computed value above. However,
the cutoff value for the twin-core fibre was measured as 950nm far lower than any
of the computed modal cutoffs for the twin-core. This result is not understood at
present and work is ongoing.

Two of the fibres performed poorly. The first fibre showing 25% coupling
which is in agreement with the simulations carried out in Section 5.4.2 above.
The second length of fibre showed no coupling behaviour at all. The third showed
a coupling strength of around 95% more than likely due to the fibre being drawn
nearer to the end marked BB’ in Figure 5.9. Demultiplexing action of all three
fibre lengths was not evident.

5.5 Conclusions and Discussion

The possibility of constructing an all fibre optical wavelength demultiplexer has
been theoretically demonstrated and fabrication tolerances computed. The re-
quired tolerances are quite high and may be beyond the capability of current mod-
ified chemical vapour deposition processing which, being a gas-flow deposition
system, is likely to be accurate only to the few percent level, and hence more than
likely outside the specified tolerance ranges. There are two fabrication effects that
need to be controlled. The first is core separation which is set, not only by the final
construction of the twin-core fibre, but also by core concentricity in the precursor
preform. In particular, the preform must be straight so that the longitudinal cut re-
mains the required distance from the core for a substantial length of the preform.
The second effect is core variability along the length of the preform which influ-
ences not only the demultiplexing action but also the strength of coupling between
the cores.

A method of aligning the demultiplexer for correct performance may be pro-
vided by using some form of post-tuning of the core refractive indices of the cores
using ultraviolet processing [99].

The ability of the scalar wave equation solver to handle experimentally mea-
sured two-dimensional refractive index data was also shown. This capability is
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particularly useful for analyzing non-circularly symmetric fibres as demonstrated
above.

The work described in this chapter is ongoing and the poor experimental per-
formance of the demultiplexer was probably due to it being the first attempt at
fabrication of a twin-core fibre (or indeed any fibre) to such high tolerances using
the fibre manufacturing facilities.
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Chapter 6

Some Further Applications and
Developments

6.1 Introduction

In this chapter some extensions to the theory presented in Chapters 2 and 3 are
developed. These extensions take different lines for the scalar and vector solvers
respectively. None of the material presented here has been fully studied and the
contents should be perhaps be regarded as indicative of directions of possible
future work.

The first extension is the inclusion of nonlinear effects in the scalar wave equa-
tion solver via the two-dimensional generalization of the method used by Chiang
and Sammut [100] to analyse planar structures. This method is iterative and al-
lows the bound modes of nonlinear waveguides with arbitrary nonlinearity to be
computed.

In the second section of this chapter modifications of the vector wave equation
are discussed. In particular, a different approach to that taken in Chapter 3 is
presented in which the resulting eigenproblem is formulated in such a way as
to eliminate spurious modes while still maintaining the same generality of the
permittivity tensor allowed previously.

The chapter is concluded with a calculation of the influence of central ‘dips’
in the refractive index profile on the minor component of the electric field and an
experimental arrangement for observation of the effect presented.

6.2 Nonlinear Waveguides

There is considerable current interest in optically nonlinear materials being used
to fabricate waveguiding structures. Such structures have many interesting prop-
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erties of which the most studied is switching [101]. Other interesting applications
include the idea of ‘guiding light with light’ [102] in which an incident light beam
writes a waveguide in a saturable self-focusing nonlinear medium which then acts
as a waveguide for the writing beam itself. The medium must be saturable other-
wise self-focusing will dominate and the model will exhibit an unphysical singu-
larity in the field [103].

In optical fibres (and glasses in general) the dominant optical nonlinear effect
is third order [104]. In general, however, it is of theoretical interest to be able
to handle nonlinearities that are essentially arbitrary functions of the local light
intensity, /. The most straightforward way of doing this is to introduce an intensity
dependent nonlinear dielectric constant given approximately by

n? = n? +nyn f(I) (6.1)

where n; is the linear refractive index, n, is the nonlinear coefficient and f() is
an arbitrary function. Thus the dielectric constant of a nonlinear material is com-
posed of a linear part and an intensity dependent nonlinear part. In practice non-
linear effects in most materials are small, ny << 1 and f(I) ~ I.

Analytic solutions of the nonlinear scalar wave equation are known for only a
few refractive index profiles in self-focusing media: step [105], power law [106]
and exponential [107]. In order to handle more general non-linearities, including
saturation effects, numerical techniques must be used. In particular, variational
methods and finite element methods have been used (see for example [108]).
However, such techniques seem to have been used only for the study of slab and
rectangular waveguides and not for circular fibre geometries. The method de-
scribed below can be used for arbitrary fibre geometries due to the generality of
the underlying linear wave equation solver.

The method is of course restricted to finding stable solutions (positive slope of
the effective index versus power curve) and so switching transition regions, where
the modes are highly unstable, cannot be obtained. An extension of the method to
this regime would, however, be possible using the technique described in [108].

6.2.1 Formulation

The method proposed by Chiang and Sammut can be readily generalized to two-
dimensional fibre geometries because it only involves the repeated solution of a
linear waveguide problem. The technique finds bound mode solutions of the scalar
wave equation which are, by definition, solutions of Maxwell’s equations in the
weak guidance limit. Such solutions are usually referred to as solitons because of
their particle-like properties.

The bound mode solutions of the scalar wave equation can be written as

@ (x,y,2,t) = y(x,y)exp[i(Bz — wr)] (6.2)
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where B = nggek is the modal propagation constant, @ is the angular frequency
of the optical field, y(x,y) is the modal field, and propagation occurs in the z-
direction. The scalar modal field satisfies the nonlinear scalar wave equation

VZy — ik |n? + ceognina(x,y)g(w?) — néff y=0 (6.3)

where the nonlinear refractive index has been written as the sum of a linear part
and a nonlinear part in accordance with equation (6.1), V? is the transverse Lapla-
cian operator, c is the speed of light in vacuo, & is the permittivity of free space,
na(x,y) is the (spatially dependent) nonlinear coefficient, k = 2w /A is the free
space wavenumber and g(y?) characterizes the nonlinearity.

The modal fields satisfying Equation (6.3) propagate in the z-direction and
have a power density, S, given by the magnitude of the Poynting vector in that
direction

1
S= ERC (ExH")- 2 (6.4)
where E is the modal electric field, H is the modal magnetic field, Z is a unit vector

in the z-direction, Re denotes the real part and * denotes complex conjugation. The
total power carried by a mode is given by

1
p:i/ Re (E x H) -2 dydx (6.5)

where the integration is performed over all two-dimensional space.

In the weak guidance approximation the modal fields are uniformly linearly
polarised. Without loss of generality assume that the electric field vector is given
by

E=yxX (6.6)

where Y is purely real and X is an x-directed unit vector. Then H, computed from
Maxwell’s equations, is also purely real and y-directed being given by

&c .
= Pacyg

H
k

(6.7)

where & is the permittivity of free space and ¥ is a y-directed unit vector, whence
Equation (6.5) becomes

P= % / / w2 (x,y) dydx. 6.8)

Define a field yg such that

/ / Vi (x,y) dydx =1 (6.9)
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then from Equation (6.8) it follows that

2P\ 2
— 6.10
v (Bceo) Yo (6.10)

and so the equivalent linear refractive index is defined by

2kP
n?(x,y) = n? [l +ceona(x,y)g (BCSO wg)} . (6.11)

Hence the nonlinear scalar wave equation is reduced to linear form,
Viy — I (n* — i)y =0. (6.12)

Starting from a given power, P, given initial field, ¥, and guessing an initial
value of 3 an iterative process can be used to find nonlinear modes requiring only
the solution of the linear wave Equation (6.12). The new values of 8 and y are
used to compute an updated n(x,y) via Equation (6.11). The process is continued
until successively computed values of 8 differ by a suitably small amount.

For reasons of computational efficiency all integrations are carried out in con-
figuration space (see Chapter 2), whence Equation (6.8) becomes

cey h? y
p= Bz—koﬁ (wa/> 6.13)

where & is the mesh spacing, J is the Jacobian of the transformation from real
space to configuration space and T denotes transposition.

6.2.2 Numerical Examples

Three examples of nonlinear fibre structures are presented below. The first two
are primarily for comparative purposes. The details of the fibre geometry for the
examples are

Example 1: nonlinear core of radius 1um embedded in a nonlinear cladding
Example 2: linear core of radius 1um embedded in a nonlinear cladding

Example 3: linear core of radius Ium embedded in an annular saturating non-
linear cladding with inner radius 1um and outer radius 2um surrounded by
a linear outer cladding.
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The material properties are the same for all examples: core index 1.57 and
cladding index 1.55. The nonlinearity is of the Kerr type, i.e.

g(v?) =7, (6.14)

and np, = 10~°m? /W. These values correspond to a fibre composed of MBBA
liquid crystal. In example 3 the refractive index saturates at 1.58.

The wavelength of operation used in all examples is 0.515um and the under-
lying linear wave equation is solved on a 100 x 100 finite difference grid. In all
cases the fundamental mode (LPy;) is being sought.

Example 1: Nonlinear Core and Cladding

Figure 6.1 shows the dispersion (effective index versus power) curve for a
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Figure 6.1: Effective index versus power curve for Example 1

fibre composed of a nonlinear core and cladding. The starting field was a Gaussian
centred at the origin.

The values computed agree with results calculated by Chiang [109] using the
radial wave equation. No additional branches due to switching or other phenom-
ena occur because the refractive indices simply become larger and self-focusing
eventually forces the fields to become vanishingly small in extent and infinitely
large in amplitude.

Above 0.23mW convergence to a stable effective index value does not occur
due to self-focusing effects.
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Example 2: Linear Core and Nonlinear Cladding

The dispersion curve (effective index versus power) for a fibre composed of a
linear core embedded in a nonlinear cladding is shown in Figure 6.2. Again,
these results agree with those of Chiang with the exception of the vertical branch
(shown dashed in Figure 6.2). This branch corresponds to the appearance of an-
nular modes directly analogous to the asymmetric modes found in nonlinear slab
waveguides and cannot be found by the current method even when the iterative
procedure is started with a non-centrally placed Gaussian or an annular field.
There are several possible reasons why these modes do not appear. The most likely
candidates are numerical instability in the eigensolver arising from discretization
of a circular geometry on a square grid or that the modes are physically unstable
and simply self-focus away. Such azimuthal self-focusing may be a real physi-
cal effect artificially excluded from Chiang’s simulation by the assumption of a
purely radial field. Work in this area is ongoing.

Convergence of the horizontal branch at power levels greater than 0.253mW
was not observed. This power is slightly lower than the value of 0.261mW com-
puted by Chiang. In either case non-convergence is simply evidence of the algo-
rithm failing in the physically unstable regime.
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Figure 6.2: Effective index versus power curve for Example 2. The dashed curve
shows schematically an additional branch found by Chiang but not with the cur-
rent method.
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Example 3: Linear Core with Surrounding Annular Nonlinear Inner
Cladding and Outer Linear Cladding

The effect of a saturating nonlinearity is to provide stability to both the underlying
physical problem and the numerical problem being solved as may be seen by
recalling that there are no stable soliton solutions in a two-dimensional (or higher)
self-focusing medium.
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Figure 6.3: Effective index versus power curve for Example 3

The dispersion curve (effective index versus power) shown in Figure 6.3 has
three clear branches although they are all linked smoothly and stably. The lower
horizontal section corresponds to guidance primarily by the central linear core.
Between 0.21mW and 0.5mW the field is annular—the refractive index of the
inner cladding being greater than 1.57. At powers of 0.5mW and greater the field
splits into two separate peaks symmetrically placed about the line x =0 (or y = 0).
The reason for the breakup of the annular mode is not clear.

It should also be pointed out that the starting field was in all cases a centrally
placed Gaussian although searches for additional branches were carried out using
an annular starting field at power levels between 0.2 and 0.5mW .

6.2.3 Conclusion

The method presented above appears to be able to converge to all unquestionably
stable solutions of the nonlinear scalar wave equation in an optical fibre. Since
no unphysical boundary conditions (such as the symmetry boundary condition)
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are applied or can be applied easily the method cannot be forced to converge to
unstable solutions. A proof that all the solutions obtained are physically real is a
long term goal.

Future work in this area will include study of the behaviour of higher order
modes (in particular the LP;; mode) and nonlinear modal behaviour in materials
which exhibit different forms of saturation than that used in Example 3. It would
also be of interest to examine the vector corrections to the scalar nonlinear solu-
tions by treating the final form of the induced refractive index as a perturbation
of the zero-power refractive index. Such an approach would, of course, only be
valid at low power levels where the nonlinear index differs only slightly from the
zero-power index.

6.3 Alternative Treatment of the Vector Wave Equa-
tion

The major problem with the form of the wave equation presented in Chapter 3 is
the presence of spurious modes in the spectrum. Although these are practically
eliminated by using a Rayleigh quotient iteration scheme to solve the resulting
numerical eigenproblem it would be more convenient if the spurious modes were
explicitly eliminated in the analytic formulation.

6.3.1 Elimination of Spurious Modes

It is well known [110] that spurious modes can be eliminated by explicitly enforc-

ing the divergence condition,
V-D=0. (6.15)

This condition is in fact automatically satisfied by Maxwell’s equations at all non-
zero frequencies. Such an approach has been used by Marcuse [111] to formulate
a Galerkin method for solving the vector wave equation in an inhomogeneous
isotropic optical fibre. Marcuse’s method is a direct extension of the scalar tech-
nique presented by Henry and Verbeek [29].

Marcuse considers only isotropic waveguides; however, the generalization to
anisotropic media in which the permittivity tensor has the form given in Equa-
tion ( 3.11), viz

en €2 0
€= &1 & 0 (6.16)
0 0 &3

is straightforward. The displacement current vector, D, now involving coupling
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between the field components:

D = €E
enky+epky
= &1E, + enky

&3k,

(6.17)

Further, assuming the guide is translationally invariant in the z-direction, the
modal solutions have a z-dependence of the form exp(if3z) and so

0
— —1ip. (6.18)
dz
Substituting into Equation (6.15) and rearranging gives
E, = ! a(.sE-i—.sE)—I-a(eE—f—sE)
z = ﬁ833 ox 115x 12Ly ay 21Lx 22 Ly
i
= - V;-(&E 6.19
,3833 t (t t) ( )

where

Jd d
= (55)

is the transverse gradient operator and

€11
&1

-

€12
€22

is the transverse permittivity tensor. Thus, the z-component of the electric field
can be expressed in terms of the transverse field components. For more general
permittivity tensors such an expression cannot be obtained due to the presence of

transverse derivatives (i.e., involving % and 3—y) of E,.
Writing the vector wave equation in the natural way
V2’E —V(V-E) = —k’¢E (6.20)

and considering only the x- and y-components (the z-component being calculable
from Equation (6.19)) gives

d d d 1
(a—l—a—y) Ey— o [Vt'Et_ %P(xd’)

+K (€11 E + €12Ey) = B2E; (6.21)

93



Jd d d 1
(a + a_y) Ey — 8_)} |:Vt 'Et — 8—33P(X,y)
+k*(£21Ex + enEy) = B2E, (6.22)

where

0 0
P(x,y) = a(snEx +enkEy) + a—y(821Ex +enEy).

These reduce to the form presented by Marcuse for the isotropic case as may be
seen by replacing €1, &> and €33 by n>—the square of the refractive index—and

setting €1» = &1 = 0 in which case the term in square brackets in Equations (6.21)
and (6.22) becomes

2 (dn on
P(x7y> = _Z (aEx‘f‘a_yEy)

_ . (9In(n) dIn(n)
- 2( = Bt Ey). (6.23)

The system is therefore reduced to the simpler form
Jd d d (dlIn(n) dIn(n) ) 2 ’
—+— | Ex+2=— E E k‘n°E, = E
(8x+8y) ot dx ( dx ot ox 7 e E, PE:

FE) 2 (oln(n),  aln(n) o
<8x+9y)Ey+29)’< x Lt gy By ) TRWE = PR

(6.24)

Equations (6.21) and (6.22) explicitly include the divergence condition and so
will not exhibit any spurious modes. It is also evident that they contain spatial
derivatives of the elements of the permittivity tensor which will give rise to delta
functions in the case of waveguides with step discontinuities in the refractive index
distribution. Consequently this formulation will also be sensitive to noise in the
refractive index data.

6.3.2 Discussion and Conclusion

Solution of the system of coupled partial differential equations could be accom-
plished using a finite difference scheme identical to that used in Chapter 3 and
would give rise to a non-symmetric generalized eigenproblem of order 2(N — 1)?
if discretized on an (N — 1) x (N — 1) finite difference mesh. Hence the problem
is two-thirds the size of that solved in Chapter 3 and it is the additional (N — 1)?
eigenvalues that are present in the original formulation that account for the spu-
rious modes. It is not possible to solve a non-symmetric (generalized or ordi-
nary) eigenproblem using Rayleigh quotient iteration and use must be made of
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a specialized method such as the non-symmetric Lanczos algorithm or Arnoldi’s
method [45]. With a view towards implementing such a scheme it is useful to
point out that the non-symmetric form of the wave equation does not have com-
plex eigenpairs. On physical grounds € (and hence &) is a real symmetric ma-
trix for a lossless non-gyrotropic medium and E, and E, are real by construc-
tion. The eigenvalues corresponding to bound modes will all lie in the range
kzngl < [32 < kzngo. Such a scheme has recently been used to solve the wave
equation in slab dielectric waveguides [112].

Alternatively, the Galerkin method could be generalized to the anisotropic
case. Nonlinear scaling can be used to extend the range of the method to include
the ability of finding modal cutoff. For arbitrarily shaped waveguides, however,
numerical integration must be used to compute the matrix elements arising in the
Galerkin formulation.

On a more speculative note it would appear that the solution of the vector wave
equation with a more general permittivity tensor than the one used in the present
work would be all but impossible using finite difference or finite element methods
simply because of the lack of methods for solving the fully complex generalized
eigenproblem. The transformation from the complex matrix representation to the
real matrix representation by doubling the size of the matrix is still mathemat-
ically feasible but again solving a large sparse non-symmetric real generalized
eigenproblem lies outside the scope of current numerical eigenproblem solvers.
It therefore seems likely that generalizations of the Galerkin method or Rayleigh
method [113] may be more fruitful areas to explore.

6.4 The Effect of Refractive Index Dips on Minor
Field Structure

The vast majority of optical fibres are manufactured using the modified chemical
vapour deposition system. This system allows for considerable automation and
so is viable for fibre mass production and from the researchers point of view it
allows relatively straightforward production of fibres for special purposes due to
the ease with which dopant materials such as erbium or boron may be introduced
into the core or cladding regions. It is, however, difficult (if not impossible) to
produce true step refractive index profiles due to thermally induced diffusion at
the core-cladding interface. A more interesting departure from the ideal step-
index core is the presence of a central dip in the refractive index profile due to the
boil off of the more volatile constituents (usually germanium) of the core during
preform collapse. These central refractive index dips are certainly present in the
preform but owing to the low spatial resolution of fibre profilers the dips cannot
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be unambiguously measured in the fibre.

Numerical studies of the influence of the dip on propagation characteristics
have been performed by Gambling, et al. [114] where the core was modelled as
a step index with a power-law central dip. Earlier Stolen [115] considered the
case of a ring waveguide which can be viewed as the simplest possible model of a
refractive index profile with a central dip. Both of these works use scalar analysis
so no information on the minor field components is available. Also, neither take
into account the smooth transition at the core-cladding interface. However, the
effect of the dip on spot size, second mode cutoff [116] and near and far field
radiation patterns were all calculated.

6.4.1 Core Model

In order to model a real (preform) refractive index profile more closely it is con-
venient to Gaussian filter (see Section 3.5.1) a refractive index distribution con-
structed from line segments. The normalized refractive index difference, An, prior
to smoothing is given by

4(1—a)R+a 0§R<}{
An(R)=< 1 1<R<3 (6.25)
0 R>1

where o 1s a parameter between O and 1 that determines the depth of the central
dip, reducing to a step-index profile for & = 1 and R is the normalized radius; the
core cladding interface being at R = %

The smoothing parameter, o, used to set the width of the Gaussian filter was
set to 0.05 in all cases considered in order that the smoothing be uniform across
the profiles examined. The core radius (R = %) was scaled to 4um and the peak
refractive index difference scaled to 0.005. The parameter o was varied from zero
(for which the central dip extends down to the cladding) to unity in steps of 0.25.
The normalized smoothed refractive index functions are shown in Figure 6.4. Cal-
culations were carried out at 1.3um where all the structures are singlemoded. A
100 x 100 finite difference grid was used throughout. The modal fields examined
are nominally x-polarised, that is, the major field component is x-directed.
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Figure 6.4: Normalized smoothed refractive index difference functions

6.4.2 Numerical Results

Effective indices were computed using both scalar and vector programs for com-
parative purposes and the results are shown in Table 6.1. The fourth column of
the table indicates whether a depression was visible in the major field component.

o scalar vector | depression?
0.00 | 1.448914 | 1.448913 yes
0.25 | 1.449036 | 1.449035 yes
0.50 | 1.449166 | 1.449165 yes
0.75 | 1.449037 | 1.449036 | just visible

Table 6.1: Effective indices computed for a range of ¢ values

From the table it is apparent that the effective index decreases as the depth of
the dip increases. This is to be expected because with increasing dip depth the
guiding region becomes smaller and the modal fields will be less strongly bound.

The presence of a central depression in the major field component is to be ex-
pected because the electromagnetic field will tend to hug the regions of elevated
index. The main effect on the scalar field (which is almost identical in shape to the
major field) is to flatten the peak as shown clearly in figure 3 of reference [114].
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For comparison with the present work cross sections through the major field com-
ponents of the electric field for & = 0.00 and ¢ = 1.00 are shown in Figure 6.5.
It is also to be noted that the central depression in the major field component is
much more evident in the current work a fact largely due to the use of a more
realistic refractive index distribution.
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Figure 6.5: Central cross-section through major field component for & = 0.00 and
a=1.00

Figures 6.6 through 6.8 show the minor electric field component as o varies

from 0.00 (deep dip) to 1.00 (no dip). The plots are shown side on in order to
clearly show the field amplitudes.
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The marked increase in amplitude of the internal peaks (an internal peak lies
inside the nominal core-cladding boundary) is clearly in evidence. In fact the
internal peak for o = 0.00 has an amplitude roughly five times that when o = 1.00
and just 10% less than the peak amplitude. This compares with the depression of
roughly 10% of the peak value of the major field when o = 0.00 as clearly seen
in Figure 6.5. It therefore follows that the minor field component is much more
sensitive to changes in refractive index profile than the major field component.
Additional evidence in support of this statement comes from the smoothing of
the refractive index distributions required by the vector solver—the minor field
component becomes extremely ragged if the profiles are left unsmoothed.

Due to the extreme sensitivity of the minor field component to refractive in-
dex variation it may perhaps be possible to indirectly probe the refractive index
distribution through changes in the minor field. However, measurement may be
difficult owing to the relative size of the major and minor field components (the
major field is 1000 times larger in amplitude than the minor field in the examples
presented here).

6.4.3 Proposed Experiment

The additional structure in the minor field should be able to be observed exper-
imentally using the arrangement shown in Figure 6.9. Such an experiment has
been performed in the visible with a fibre of the stress-induced birefringent type
(bow-tie fibre) [85]. In a fibre of this type the minor field is down by only 15dB
in amplitude compared to the major field making the polariser requirements less
severe. In this case the polariser must be of high quality in order to provide at
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least 60dB suppression of the orthogonally polarised field. Of course, the lower
amplitude of Ey in the ordinary fibre could be partially compensated by using a
higher power laser source.

Microscope Fibre Beam N

o IR image intensifer
objective expander

video camera

1.3pum laser Polarizer

Figure 6.9: Schematic arrangement for proposed experiment

The microscope objective and beam expander must be made from stress-free
optical elements in order to prevent coupling of the x- and y-fields via the stress-
optic effect and the fibre must be kept as straight as possible in order to minimize
bending effects.

6.4.4 Conclusion

The minor field component obtained as part of the solution of the vector wave
equation has a much richer structure than the major field component. The fine
structure arises from the sensitivity of the minor field to the form of the permit-
tivity distribution. In particular, it is the minor field that exhibits the first signs
of noise in a numerical simulation a fact attributable not only to its small relative
magnitude but also to its sensitivity to noise on the permittivity distribution. The
smoothness of the minor field component produced by a vector wave equation
solver may therefore be viewed as a direct test of the solvers quality.

Experimentally, the minor field is hard to see. However, it carries the bulk of
the information concerning details of the underlying fibre refractive index profile.
Eventually experimentally measured minor fields may provide additional quanti-
tative information of interest to fibre designers and fabricators.
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Appendix A

Derivation of First Order Vector
Corrections

The derivation of Equation (4.31) is straightforward, if tedious. Equations (4.23)
through (4.30) are substituted into the integrand in the numerator of equation
(4.17). Each part is considered in turn below and terms of order A” are dropped.
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Adding Equations (A.1) through (A.4) and grouping gives the desired result
Integrand = eﬁoh)T‘;O — e?ohygo +Aq(x,y) (A.5)

with ¢g(x,y) as given in Equation (4.32).
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Appendix B

User Manual

B.1 Introduction

This manual describes the programs drives (the scalar solver), drivev (the vector
solver) and related ancillary programs used for displaying and manipulating out-
put files from the first two programs. The manual describes how to compile the
programs, set up data files, write core description subroutines and postprocess the
resulting output files. The majority of the programs are written in the C program-
ming language which interface to FORTRAN library routines that perform the
numerical computations. It is important to realise that both drives and drivev have
been developed over a long period of time and so the code is not a pretty sight.
Users modify the code at their own risk!

Both programs are intended to be run under some version of the UNIX! op-
erating system. An ANSI C compiler is essential (the GNU C compiler is an ex-
cellent choice on most UNIX variants). The only real restriction is that you must
have BCSlib-ext (which may be obtained from Boeing Computer Services, Seat-
tle, Washington, USA). The programs have been successfully run under SunOS,
AIX and UNICOS. A FORTRAN compiler is also necessary and some knowledge
of the FORTRAN/C interface may be necessary if the program is being ported to
a different architecture. In these cases it may be preferable to use f2¢ to convert
the FORTRAN files to C instead of using the supplied (or perhaps non-existent)
FORTRAN compiler(f2c is freely available by ftp from netlib.att.com:netlib/f2c).

The memory requirements are quite large. The scalar program requires around
50 Mbytes of memory and the vector program up to 200 Mbytes. Both programs
rely heavily on the dynamic memory allocation facilities provided by C in order
to keep memory usage to a manageable level.

This manual is divided into three major sections. The first deals with the scalar

'UNIX is a trademark of X/Open Ltd.
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program, the second with the vector program and the third with various ancillary
programs that are useful for output postprocessing and display.

In order to make this manual easier to read various font conventions are used.
The names of computer programs are shown in ifalic, contents of computer pro-
grams are shown in teletype as are commands that a user would type into the
computer. The user is assumed to have a basic knowledge of the UNIX operating
system.

If the prospective user has serious difficulties the author may be reached by
electronic mail to glenn@physics.su.oz.au to answer any queries.
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B.2 Scalar Program

B.2.1 Description

The program drives is a computer code for solving the scalar wave equation,
(V2 + &%)y = By, (B.1)

in an optical fibre. The effective index and scalar field are provided as output
and may be further processed by the user as required. The program produces an
effective index from a user supplied free space wave number (or wavelength).

The user must write a subroutine that describes the refractive index distribution
of the fibre being analysed and also provide a file containing various program
control parameters.

The drives program is a finite difference code. The differential operator is
discretized on a two dimensional square region giving rise to a large, sparse, gen-
eralised eigenvalue problem which is then solved using a shift-and-invert Lanc-
zos scheme. The Lanczos solver is ‘industrial strength’—direct sparse matrix
techniques are used to solve the inhomogeneous systems that arise as part of the
Lanczos iteration—and considerable memory savings are made by writing many
arrays to disk. Consequently, it is possible to solve very large problems in reason-
able amounts of time and memory.

The source code is for drives is subdivided into twelve C source files, three C
header files and one FORTRAN source file. These are listed below together with
a brief description of their contents.

* calcri.c—computes refractive index distribution.

* driver.c—the main program.

* funcs.c—computes the scaling functions.

* gensubsid.c—generates matrix elements.

* invit.c—eigensolver.

* ioconv.c—converts between 2-d arrays and 1-d arrays.

* nrutil.c—various modified routines from Numerical Recipes.
* readdata.c—reads the data file.

* spline.c—initializes cubic spline routine.

* splint.c—performs cubic spline interpolation.
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* transform.c—carries out transformations to and from real space.
* writeout .c—output routines.

* nrutil.h—C prototype declarations for functions in nrutil.c

* proto.h—C prototype declarations for other functions.

* sorp.h—global variable declarations, global macro setup, etc.

e inter.f—interface to BCSlib-ext routines.

The user is referred to the comments in the individual source files for details.

A Makefile is provided to control the compilation process which will be
discussed in more detail below. The files calcri.c and to a lesser extent
funcs. c are problem dependent. The user must write a calcri function for every
core profile examined. The file funcs . c must be altered if the scaling is changed
from the tangent function provided in the distribution version of drives.

B.2.2 Compiling and Running drives
Compiling drives

Compilation of the drives program is controlled by a makefile. Make is a standard
UNIX utility for maintaining, updating and regenerating related programs and
files. A full description may be found in the UNIX manual page (man make).
Typing make in the directory containing the drives source code should result in
the construction of the drives executable.

A Makefile is conventionally divided into three sections: a definition section,
a rule section and a dependency section. The definition section contains various
compiler flags and library declarations. This section may be changed by the user.
The rule and dependency section should not require any changes. The dependency
section of the drives Makefile follows:

#
# Makefile for drives - solve field equations in an optical
# fibre in the weak guidance approximation

#

#CC=cc

CC=gcc

F77=£77

M=-DMEM=40

#G=-g

#OPT -Ox —CSON

#OPT -04

OPT = -02 -fomit-frame-pointer
OPTS = -DSPLINE_DATA
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#GCCFLAGS= -finline-functions -fstrength-reduce -fkeep-inline-functions
CFLAGS=$ (G) $ (GCCFLAGS) $(OPT) $(OPTS) $(M)

LDFLAGS=$ (G)

LIBS= -L/usr/physics/lib -1skit -1lbcsext -1lgcc

Anything following a # is treated as a comment.

The parameters shown above are quite straightforward. CC and F77 are
used to select the C compiler and FORTRAN compiler to use respectively.
M=-DMEM=num is used to set the amount of (virtual) memory (in megabytes)
to be used by the eigensolver. It should be made as large as possible but must
not exceed the total memory of the machine on which drives is being run (as
opposed to compiled). This last point is particularly important in a network en-
vironment. G is used to select compilation with the symbolic debugging option.
OPT is used to select various C compiler optimization flags. Suitable flags may be
found in your C compiler reference manual. OP TS allows the compile time choice
of including code for performing cubic spline fitting to user supplied refractive in-
dex data (perhaps from a preform or fibre profiler; see Section 3). GCCFLAGS are
special optimization flags for the GNU C compiler. LDFLAGS are linker control
flags. LIBS is used to specify various extra libraries; —1skit specifies Saad’s
Sparskit library, —1ibcsext specifies the Boeing library, —1gcc specifies the
GNU C support library and —-L/usr/physics/1ib specifies that the directory
/usr/physics/1ib be searched for libraries by the link editor. No optimiza-
tion flags are specified for FORTRAN as the C interface stub modules do not
require optimization.

All of the above mentioned parameters are at the user’s discretion. In the
drives distribution they are set for compilation on a Sun residing on the School of
Physics network.

There are several reasons why the drives executable may not have been made.
Many are system dependent and so beyond the scope of this document. The most
likely ‘simple’ reason for compilation failure is the unavailability of the BCSlib-
ext library on a particular machine. The School of Physics is Licenced to use the
BCSlib-ext library on Sun’s, IBM RS-6000’s and on the CRAY YMP/EL and the
library is available on all these platforms.

Running drives

The drives program is extremely simple to use once the requisite data file and
core description subroutine have been written. The program takes no command
line arguments and writes its output to the standard output stream (stdout in UNIX
jargon—usually the terminal) by default. The output redirection operator > may
be used to place the output of the drives run into a file on disk. So, drives
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> para will send the output of the run to the file para in the current working
directory.

Data file format

The drives program reads its per run parameters from a file called data in the
current working directory. The format of the data file is shown below.

Title (string)

Number of grid points (integer)

X-scaling (real)

Y-scaling (real)

Approximation to eigenvalue (not used)

Wavelength (real)

Lower bound of effective index search interval (real)
Upper bound of effective index search interval (real)
Maximum number of eigenvalues to look for (integer)
Number of eigenvalue to output (integer)

File containing data for core 1 (string)

File containing data for core 2 (string)

Core separation (real)

Cladding index (real)

Core 1 radius multiplying factor (real)

Core 2 radius multiplying factor (real)

Core 1 delta multiplying factor (real)

Core 2 delta multiplying factor (real)

The title is a descriptive string of at most 80 characters that is passed through
unchanged to the output. The number of grid points is used to set the order of
discretization of the problem. Practical values range from 10 to 300 depending
on the hardware. The larger the value the longer the run time and the greater
the memory requirements. The X-scaling and Y-scaling parameters are used to
adjust the nonlinear scaling functions. The numbers chosen are dependent on
the core geometry and the actual scaling functions. Some experimentation with
these parameters is usually required. The approximation to eigenvalue parameter
is unused in the current implementation. The wavelength parameter is specified
in microns and is used to set the operating wavelength of the fibre. The lower
bound of effective index search interval and upper bound of effective index search
interval set the left and right hand endpoints of the interval where the eigenvalue is
expected to lie. The ability to search for eigenvalues only in a particular interval is
especially useful since the effective index of a bound modes always lies between
the cladding and core refractive indices. The maximum number of eigenvalues
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to look for sets the number of eigenvalues to seek. In a twin core structure this
would be set to 2—the even and odd supermodes. If more than the specified
number of eigenvalues lie in the search interval then this parameter specifies the
number of eigenvalues that will be output. The number of eigenvalue to output is
used to select the eigenvalue and corresponding eigenvector that is output when
more than one eigenvalue is being sought. The file containing data for core 1 and
file containing data for core 2 are strings giving the names of files that contain
experimental data representing the refractive index distribution of up to two cores
(extension to a larger number of refractive index distributions is straightforward—
see readdata.c). If the file name is NULL—note the CAPITALS—then no
core data file is assumed to exist. This is useful when all analytic cores are being
examined. The core separation in microns gives the distance between the two
cores in a twin core fibre. The cladding index specifies the refractive index of
the cladding. The radius multiplying factors are used to scale the splined cores to
any particular radius. These parameters are useful because often the core radius
of an experimentally measured core profile is set to 1. Similarly, the core delta
multiplying factors are useful for scaling an experimentally core profile to any
core-cladding refractive index difference. Note that if both filenames are NULL

then the lines following them are ignored.
The contents of a typical data file are shown below. The text on the right is
commentary and not part of the file.

Infinite Parabolic Profile A suitable title

40 Grid points

28.55993323 X-scaling

28.55993323 Y-scaling

2.2420676643 Unused

0.55 Wavelength (microns)

1.498 Lower bound on ev search interval
1.500 Upper bound on ev search interval
1 Seek one eigenvalue

1 And output the one eigenpair

NULL No external profile

NULL data is used

7.0 Ignored in this case

1.44691753 Ignored in this case

4.0 Ignored in this case

4.0 Ignored in this case

1.0 Ignored in this case

1.0 Ignored in this case

Output file format

A sample output file is shown below. The lines Mesh size is 40 x40 and
Output are always present. The former is used by the ancillary routines to deter-
mine array sizes and the latter to inform the ancillary programs where the eigen-
vector begins in the output file.

Infinite Parabolic Profile
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Mesh size is 40 x 40

Number of rows = 1521

Number of non-zeros = 7449
Percentage of non-zeros = 0.321988%

alpha = 28.5599
beta = 28.5599
free space wavelength
free space wavenumber

0.55 microns
11.424x1076 m™-1

Effective index = 1.498764075625

Output

1 -3.949321945517e-15 0
2 2.553911789833e-13 0

3 -1.481110749609e-12 O

1519 -5.04633493526e-13 O
1520 -7.606340695426e-13 0
1521 -6.96488620621e-13 O

There are 39 x 39 output lines of the form:
integer real imaginary

It should be noted that the above example output has been trimmed extensively
in order to save space in this manual. A full output file includes information relat-
ing to the eigensolver and other run-time diagnostics such as memory allocation,
etc.

Specifying the core geometry—calcri.c

The file calcri. c is the heart of the drives program since it describes the core
geometry and refractive index distribution of the optical fibre being analysed. The
routine is written in C. However, only a very rudimentary knowledge of the C
programming language is required in order to write new core description subrou-
tines. Much of the file is common to all core descriptions. The lines preceding the
comments should remain unchanged by the user. A typical calcri.c is shown
below.
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#include <stdio.h>
#include <math.h>
#include "sorp.h"
#include "nrutil.h"
#include "proto.h"

PUBLIC double =xrho;

PUBLIC double #*xij;

PUBLIC double xxjacobian;
PUBLIC double wl;

PUBLIC int data_len;

PUBLIC double separation;
PUBLIC double multiplier01l;
PUBLIC double multiplier02;

/%

% calcri(size): Compute refractive index profile.

* * Inputs: size - rank of the matrix

* % Returns: nn - array containing the

* % (squared) refractive index x Jacobian

x/

#define N_0 2.25 P T ———
#define DELTA 1l.e-4 <—————
double *x

calcri(int size)

{
int i, 73j;
double x_t, y_t;
double #**xnn;

double R;

double free_k = 2+«+M_PI/wl;

double RHO = 1.0; P
RHO = free_k; P
RHO %= RHO; e
nn = dmatrix(l,size,1,size);

for (i=2; i<size; i++)
for (j=2; j<size; J++) {

/%
% It is easier to see whether the grid point is in the core if

% we go back to x,y - co-ordinates

*/
sb_transform(&x_t,&y_t,rho[i],xi[]]);
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R = ((x_t*x_t)+(y_txy_t))/RHO; e
nn{i] [j] = N_Ox (1-2+«DELTAxR); o

nn[i] [J] x= jacobian[i][]];
}

return (nn) ;

}

The lines marked <——————— must usually be changed for every refractive index
profile. In particular, the format of the file when using a splined core is quite
different. The reader is referred to the file calcri.c.spline for details. A
concrete example of how to modify the calcri function is given below.

Suppose that a step index profile of radius 2um, cladding index 1.457 and
profile height 0.005 is required. Following the description above only the marked
lines need to be changed. The double loop is shown in its entirety in order to make
the code fragment more readable.

#define N_O0 1.457 P
#define DELTA 0.005 o
double RHO = 2.0; P
RHO = free_k; P
RHO *= RHO; e

for (i=2; i<size; i++)
for (j=2; j<size; Jj++) {

/ *
*+x It i1s easier to see whether the grid point is in the core if
** we go back to x,y - co-ordinates
*/
sb_transform(&x_t,&y_t,rhol[i],xi[]j]);
R = ((x_t*x_t)+(y_t*xy_t)); <——m———-
if (R <= RHO)

nn[i] [j] = N_O+DELTA;; o __
else

nn[i] [j] »= jacobian[i][]j];
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Essentially, the code checks to see whether a point lies within 2um of the origin
and sets the refractive index accordingly.

Specifying the scaling functions—funcs.c

The non-linear scaling functions are set to the tangent function in the distribu-
tion. The X-scaling and Y-scaling parameters give some control over the
amount of scaling but if the core differs radically from circular symmetry (e.g., an
elliptical or multi-core fibre) then the tangent function is not acceptable. There is
no requirement that the X- and Y-scaling functions have the same form.

The supplied funcs. c is shown below.

#include <math.h>

#include <values.h>
#include "sorp.h"

PUBLIC double alpha; /% X-scaling x/
PUBLIC double beta; /% Y-scaling x/

/*

*x funcx(x): Scaling function in X-direction

* K Inputs: x-—--argument at which function is to be evaluated (double)
** Returns: function value at x (double)

*/

double

funcx (double x)
{

return (alphartan (M_PIx*x));
}

/%

«% funcy(y): Scaling function in Y-direction

* % Inputs: y-—-—-argument at which function is to be evaluated (double)
*% Returns: function value at y (double)

*/

double

funcy (double vy)
{

return (betaxtan (M_PIx*y));
}

/ *

xx dfuncx(x): Derivative of scaling function in X-direction

* Inputs: x—-—-—argument at which function is to be evaluated (double)
«%x Returns: derivative at x (double)

*/

double

dfuncx (double x)
{
double tmp;

tmp = cos (M_PI*x);
tmp *= tmp;
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return (M_PIxalpha/tmp) ;

/ *

*x dfuncy (y) : Derivative of scaling function in y-direction

*x Inputs: y--—-argument at which function is to be evaluated (double)
*x Returns: derivative at y (double)

*/

double

dfuncy (double vy)

{
double tmp;

tmp = cos (M_PIxy);
tmp *= tmp;
return (M_PIxbeta/tmp);

The variables alpha and beta are simply the values of the X-scaling and
Y-scaling parameters from the data file.

If the scaling functions are changed then the derivative functions dfuncx and
dfuncy must be changed appropriately.
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B.3 Vector Program

B.3.1 Description

The program drivev is a computer code for solving the vector wave equation
V2E —V(V-E) = —0*u&E E (B.2)

in an optical fibre. The reciprocal of the effective index and the electric field vector
components (and optionally the magnetic field vector components) are provided
as output and may be further processed by the user as required. The program pro-
duces the reciprocal of the effective index from a user supplied at a user supplied
wavelength and initial guess at the modal effective index.

The user is required to write a subroutine that describes the (anisotropic) per-
mittivity distribution of the fibre being analysed and also provide a file containing
various program control parameters. There is an extensive range of command line
arguments that may be used with drivev and these will be described fully below.

The drivev program is a finite difference code with three degrees of freedom
per mesh point. The discretization is carried out in a similar manner to the scalar
program and the resulting large, sparse, generalised eigenproblem is solved using
Rayleigh quotient iteration (RQI). The inhomogeneous systems that arise at each
step of RQI are explicitly solved by the program using a direct sparse (indefinite)
matrix solver. The problem sizes are typically three times larger than in the scalar
case so the fact that various arrays are written out to disk is even more important in
the vector case. Practically, a 150 x 150 system can be solved on a SUN 4/690MP
with 128 Mb of real memory and 512 Mb of swap space.

The vector program is arranged in twenty-five C source files, three C header
files and one FORTRAN source file. A list appears below together with a brief
description of the contents of the file.

* calcperm.c—compute permittivity tensor.

* drive.c—main program.

* etime_.c—provides missing etime and dtime FORTRAN subroutines.
* funcs.c—the transformation function.

* gensubsid.c—various ancillary routines.

* h_field.c—compute magnetic field.

* invit.c—eigensolver.
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io.c—input/output functions.

itoa.c—provides missing integer-to-ascii function.
misc.c—miscellaneous routines.

nrutil.c—modified Numerical Recipes code.

smooth .c—contains rarely used smoothing routines.
sort .c—contains routines to sort matrix elements.
spline.c—initializes cubic spline routine.

splint .c—performs cubic spline interpolation.

terml .c—compute matrix elements.

term2 .c—compute matrix elements.

term3.c—compute matrix elements.

term4 . c—compute matrix elements.

term5.c—compute matrix elements.

term6 .c—compute matrix elements.

term7.c—compute matrix elements.

term8.c—compute matrix elements.

term9.c—compute matrix elements.
transform.c—-carries out transformations to and from real space.
nrutil.h—C prototype declarations for functions in nrutil.c
proto.h—C prototype declarations for other functions.

vp . h—global variable declarations, global macro setup, etc.

inter. f—interface to BCSIib routines.

The user is referred to the comments in the individual source files for details.

A Makefile is provided to automate the compilation process. The files
calcperm.c and to a lesser extent funcs.c are problem dependent. A full
discussion of calcperm. c is given below. The file funcs. c is identical to the
scalar case and the reader is referred to section B.2.2 above.
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B.3.2 Compiling and Running drivev
Compiling drivev

This section is concerned with the layout of the Makefile used for controlling
compilation of the drivev program. More details on make and Makefiles may
be found in section B.2.2 above.

The definition section of the Makefile for drivev is shown on the following

page.

#
# Makefile for vector finite difference program
#

# GNU make uses FFLAGS AT&T make uses FCFLAGS
FFLAGS = $(FFLAGS) $(FCFLAGS) $(G) $(FOPT)
.f.o:

$S(F77) -c $(FFLAGS) $<

EXTRAS = -DTEST # just construct the operator
EXTRAS = —-DNO_SCALE # no scaling

EXTRAS = -DPRINT_OP # print out the operator
EXTRAS = —-DSMOOTH

EXTRAS = -DFULL # off diagonal permittivity
EXTRAS =

EXTRAS = -DMEMUSE -I/usr/physics/include # memory debugging
EXTRAS = -DSPLINE_DATA -DSMOOTH -DQUIN

ELIB = -L/usr/physics/lib -lbcsext -1lskit -lgcc

MALLOC_OBJ = -ldbmalloc

MALLOC_OBJ = /usr/lib/debug/malloc.o /usr/lib/debug/mallocmap.o

MALLOC_OBJ = /usr/physics/lib/gmalloc.o

CC = cc # MUST be ANSI

CC = gcc # GNU C

CC = acc # Sun ANSI compiler
F77 = x1f # AIX

F77 = £77 # everyone else

G = -g # symbolic debugging
G =

COPT =

COPT = -0

FOPT =

FOPT = -0

CCFLAGS = -Q -Daix # AIX

CCFLAGS = # No options

CFLAGS = $(CCFLAGS) $(EXTRAS) $(G) $(COPT)

FPPFLAGS = -P -Wp,-eaj2478 # AIX; fpp
FPPFLAGS # AIX; no fpp
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FOLAGS = -Q -u # £77 (f2c) under AIX
FOLAGS = -u —gextname -gextchk # AIX
FOLAGS = -u

FFLAGS = $(FOLAGS) $(G) $(FOPT) $(FPPFLAGS)

LOFLAGS = -s # strip symbol table
LOFLAGS = -Bstatic # load statically on SUN’s
LOFLAGS =

LDFLAGS = $(LOFLAGS) $(G)

LIBS = —-1f2c -1m # f2c on SUN

LIBS = -lmalloc # Better on some machines

LIBS = # everything else

LINK = $(CC) # Genix, Ultrix, SUN with -Bstatic
LINK = $(F77) # everyone else

One of the nice features of make is that the last definition read is the one that is
used. So in the cases above where multiple definitions for particular parameters
are listed only the last one is used. Practically, this means that the order of the
parameters can be changed to give different compiler or linker directives.

Simply typing make in the directory containing the drivev source files will
result in the drivev executable being built. The main reason for compilation
failure is described in Section B.2.2.

Running drivev

The drivev program takes several command line arguments. A UNIX style synop-
sis is:

drive [-o outfile] [-m memory] [-p polarisation] [-M] [-1] [-s]

The arguments in square brackets are optional. The above line of output is obtainable from the
drive program by typing drive -
? if using the C shell or drive -2 if using the Bourne shell will reproduce the synopsis line
above.

The command line parameters are used to select runtime behaviour of the drivev program.

The —o option is used to select the root of the output file name. The remainder of the file
name is constructed from the mesh size parameter in the data file. For example if the mesh
size parameter is set to 40 then the command drivev —o outf would result in the output
being placed in the file out £.040. If the mesh size parameter is greater than 100 no leading
zero is appended to the extension. If the —o option is omitted then output is sent to standard output
and may be redirected using the > operator. The —m option is used to select the amount of memory
used by the sparse linear equation solver in megabytes. The default value is 24 Mb. The —p option
is used to select the field polarisation to calculate. The choices for polarisation are x and y.
The default value is x. The —M option instructs the program to compute the magnetic field vectors
as well as the usual electric field vectors. This option only has an effect if the —o flag has also been
chosen. When this flag is in effect an additional output file is created with its name constructed
from the root with the letter ‘m’ appended followed by the extension constructed using the rule

130



given above. The -1 option is used to select the Lanczos algorithm instead of RQI. The —s option
is used to select code that uses symmetry to separate the polarisation degenerate modes of the fibre
being analysed.

Data file format

The drivev program reads many of its per run parameters from a file called data in the current
working directory. The format of the data file is shown below.

Title (string)

Maximum number of RQI steps (integer)
Number of grid points (integer)
X-scaling (real)

Y-scaling (real)

Initial guess at eigenvalue (real)
Epsilon (unused)

Wavelength (real)

Effective index (real)

Data file for core (string)
Multiplier (real)

The parameters have the same meaning as for the drives except as noted
in the following. The user is required to supply an Initial guess at
eigenvalue in order to seed the RQI method. The Ef fective index must
be supplied and is used in conjunction with the Wavelength parameter to com-
pute B which is used as the length scaling parameter.

The contents of a typical data file are shown below. The text on the right is
commentary and not part of the file.

Infinite Parabolic Profile A suitable title

40 Grid points

28.55993323 X-scaling

28.55993323 Y-scaling

0.445 Initial eigenvalue guess

le-7 Unused

0.55 Wavelength (microns)

1.4824 Effective index

NULL No external profile data is used
7.0 Ignored in this case

Specifying the permittivity—calcperm.c

The file calcperm. c is used to specify the permittivity tensor and core geom-
etry of the fibre being analysed and is analogous to the routine calcri used in the
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scalar case. The routine is written in C. However, only a few lines need to be
changed when defining a new problem. The lines preceding the comments should
remain unchanged by the user. A typical calcpermn. c is shown below.

#include <stdio.h>
#include <stdlib.h>
#include <math.h>

#1if defined (UNDERSTANDS)
#include <values.h>
#endif

#include "vp.h"
#include "proto.h"
#include "nrutil.h"

dcomplex xxepsll;
dcomplex xxeps22;
dcomplex xxeps33;
dcomplex *xepsl2; /x == transpose(eps2l) =/

sparset xepsilon;

/ *
* %
* *
* *
* *
* %

* *

calcperm - compute the permittivity tensor

Input: size
Returns: none

The permittivity is available in the arrays eps[1-2][1-2]

*/

#define N_0 2.25 P
#define DELTA 1l.e-4 PO
void

calcperm(size)
int size;

{

int i, 3j;

double x_t, y_t;

double R;

int t;

int cntl = 0;

double free_k = 2xM_PI/wl;

double Beta = neffxfree_k;

double RHO = 1.0; <—————=

RHO x= Beta;

fprintf (stderr, "calcperm called\n");
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epsll = zmatrix(0,size+1,0,size+l);
eps22 = zmatrix(0,size+1,0,size+l);
eps33 = zmatrix(0,size+1,0,size+l);
epsl2 = zmatrix (0,size+1,0,size+l);
epsilon = (sparset x)calloc(8xsizexsize+3, sizeof (sparset));

for (i=1; i<=size; 1i++)
for (j=1; j<=size; j++) {
sb_transform(&x_t, &y_t, rholil, xi[Jj]);

R = ((x_t*x_t)+(y_t*y_t))/(RHO*RHO); e
epsll[il[j]l.r = N_O«* (1-2+«DELTA%R) ; <
/ *
*x Multiply by the jacobian
*/
epsl1[il[j].r *= jacobian[i][]]; e
eps33[1i1[Jj] = epsll[il[]j]; e
eps22[1i1[3] = epsll[il[]]; e __

#ifdef FULL
epsl2[i][J].r *= epsl2[i]l[]].r;
#endif

t =1 + (size - J) * size;

cntl++;

epsilon[cntl].row = t;
epsilonfcntl].col = t;
epsilonfcntl].val = epsll[i]l[]j];

#ifdef FULL
cntl++;
epsilon[cntl].row = t;
epsilonfcntl].col = t+(sizexsize);
epsilonfcntl].val = epsl2[i]l[]j];

cntl++;

epsilon[cntl].row = t+(sizexsize);

epsilonfcntl].col = t;

epsilonfcntl].val = epsl2[i]l[]j];
fendif

cntl++;

epsilonfcntl] . .row = t+(sizexsize);
epsilonfcntl].col = t+(sizexsize);
epsilonfcntl].val = eps22[i]l[]j];
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cntl++;

epsilonfcntl] .row = t+(2xsizexsize);
epsilonfcntl].col t+(2xsizexsize);
epsilonfcntl].val = eps33[il[]j];

}
sort_eps (epsilon,cntl);

free_zmatrix
free _zmatrix
free_zmatrix
free_zmatrix

epsll, 0,size+l,0,size+l);

eps22,0,size+l, 0,size+l);
)
)

eps33,0,size+1,0,size+l);

epsl2,0,size+l,0,size+l

14

—~ o~~~

return;

The lines marked <—————~ must usually be changed for each new permittiv-
ity profile. An example of such changes is given below for the same core geometry
as in the example in Section B.2.2, viz. a step profile of radius 2um, cladding in-
dex 1.457 and profile height 0.005.

#define N_0 2.25 e
#define DELTA l.e-4 PO
double RHO = 1.2; o

for (i=1; i<=size; 1i++)
for (j=1; j<=size; J++) {
sb_transform(&x_t, &y_t, rholil, xil[3j]);

R = ((x_t*x_t)+(y_t*xy_t)); o
if (R <= RHO) P

epsll[i][j].r = N_O + DELTA; o
else <

epsll(il[j].r = N_O; e
epsll[i] [J].r »= epsll[i][J].r; o
eps33[11[Jj] = epsll[il[j]; e
eps22[1i]1[j] = epsll[i]l[]]; e __

The beginning of the main loop is shown for clarity.

The example given is for an isotropic permittivity distribution in which case
epsl12and eps21 are zero (this is taken care of by zmatrix). In the more general
case of an anisotropic distribution epsl11l != eps22 != eps33andepsl?2
== eps21 would have to be assigned values.
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B.4 Ancillary Programs

In addition to drives and drivev three output postprocessing programs are provided
including an output ‘pretty’ printer and a program for processing output from the
York Technologies P102 preform profiler. Both plotting programs are based on
the plplot library available from the University of Texas.

B.4.1 Plotting programs

There are two plotting programs available; p/, a surface plotter and cpl, a contour
plotter. Both are able to plot arbitrary data provided it is on a regular square grid.
The format of a file that can be plotted is identical to the output format of drives
and drivey programs, viz,

arbitrary number of lines
Mesh sizeisn X n
arbitrary number of lines

Output
integer real real

Atleast (n— 1) x (n— 1) lines of data
and at most 3 x (n— 1) x (n— 1) lines of data.

The synopsis for pl is

pl [-f file] [-A [-2]] [-x] [-y] [-z] [-P] [-n] [-1i]
[-1] [-a az] [-e el] [file].

The options have the following meanings. The —£ option is used to set the file
from which the data is read. If this option is omitted then pl/ expects the name
of a data file to be the last item on the command line. The —A option specifies
that all vector components and the intensity are to be shown on the one plot.
The suboption —2 which must occur with the —A option specifies that only two
plots are to appear per page. The —x, —y and —z option are used to select which
vector component to plot. The —i option specifies that the intensity be plotted.
The —n option specifies that all values comprising the plot be multiplied by -1
(the eigenvalue is only specified up to sign). The —1 option specifies that field
components be normalized to have maximum value unity. The —a and —e options
are used to select the azimuth and elevation of the viewpoint respectively.
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The cpl program has the following synopsis.
cpl [-f file] [-A] [-n] [-x] [-y] [-z] [-P] [-1 lev] [file]

The options have the same meaning as for p/. The unique options —P and —1 are
used to change the page orientation to portrait and to set the number of contour
levels respectively.

The default behaviour of both programs is to plot the x-component in the case
of a vector computation and the scalar field in the case of a scalar computation.

When either program is run with valid options (invalid options elicit a usage
message) then the following menu appears allowing the user to select a plot de-
vice.

Plotting Options:

< 1> (xXwin) X-Window Screen (Xlib)

< 2> (xterm) Xterm Window

< 3> (tekt) Tektronix Terminal

< 4> (dg300) DG300 Terminal

< 5> (plmeta) PLPLOT Native Meta-File

< 6> (tekf) Tektronix File

< 7> (ps) PostScript File

< 8> (xfigqg) Xfig file

< 9> (13ii) LaserJet II Bitmap File (150 dpi)
<10> (hp7470) HP 7470 Plotter File (HPGL Cartridge, Small Plotter)
<11> (hp7580) HP 7580 Plotter File (Large Plotter)
<12> (imp) Impress File

<13> (null) Null device

Enter device number or keyword:

B.4.2 Processing preform profiler data

The program york is used to extract and plot data from the P102 preform profiler.
The program is based on a FORTRAN program by K. M. Lo but has been greatly
extended. The format of the preform profiler output file is described in the ‘P102
Preform Profiler Operator’s Manual’.

The synopsis for york is

york [-n num] [-o outfile] [-1 infile] [-p].

The program automatically detects polar and Cartesian format data files.

The —n option is used to select the projection to extract if the file being pro-
cessed is in polar format. This flag is silently ignored in the case of Cartesian
data. If this flag is omitted and polar data is detected then the first slice will be
extracted. The —o flag is used to set the name of the file where the extracted data
will be written. The default is to write the data to standard output. The -1 flag is
used to set the name of the file containing the raw data from the preform profiler.
The default is to read from standard input. The —p flag is used to obtain a 2-d
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plot of a Cartesian format data file. This option is silently ignored in the case of a
polar format data file.

When york is run some useful information is printed to the screen (actually the
standard error stream). An example is shown below.

Processing polar data
P1237aP
Measured on Mon Nov 8 14:38:28 1993

TACKED TCF SIMILAR CORE
Measurement step was 5 microns over 14 mm
Integration ratio = .5

The main purpose of the york program is to extract preform profiler data for
subsequent use as input to drives or drivev.

B.4.3 Extrapolating

The program extrap is used to carry out a Richardson style extrapolation on the
eigenvalues collected from a sequence of drives or drivev runs on the same core
profile but at different mesh sizes. The extrapolation process will only work if
the refractive index profile is smooth (results from preform profile data are not
recommended). The synopsis for extrap is

extrap filename

The output is written to standard output. The input file for extrap has the following
form.

number of lines
mesh eigenvalue

mesh eigenvalue
A typical input file is shown below.

4

90 0.46957799413724
100 0.46957919821504
110 0.46958008381053
120 0.46958075410745

These data are collected manually from the output files produced by drives or
drivev using the UNIX utility grep and a suitable text editor.
The output from the extrap program for the above input is shown below.
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Extrap output created on Mon Jan 17 09:52:51 1994
Triple core x-polarisation fundamental mode

Number of data items: 4

90 0.469577994137239995708910

100 0.469579198215040016783917
110 0.469580083810530013455065
120 0.469580754107449982459599

90 100 0.469590034915240317481278
100 110 0.469588939765430535278057
110 120 0.469588127373569363953720

90 110 0.469584011591286543119139
100 120 0.469584065414263562843189

90 120 0.469584226883194566504187

Extrapolated eigenvalue is 0.469584226883194566504187

The program tabtex is a pretty printer for the output of the extrap program. The
output of the fabtex is designed to be included in a I&TEX document. The output
of the rabtex program when used to process the data above is shown below.

\begin{table} [htb]

\begin{center}

\begin{tabular}{ccccc} \hline

{\sc N} &\multicolumn{4}{1l}{\hskip4.5ex$B"2$} \\ \hline
90 & {\tabf 0.46957799413} & & & A\

& & {\tabf 0.46959003491} & & AN\

100 & {\tabf 0.46957919821} & & {\tabf 0.46958401159} & \\
& & {\tabf 0.46958893976} & & {\tabf 0.46958422688} AR
110 & {\tabf 0.46958008381} & & {\tabf 0.46958406541} & \\
& & {\tabf 0.46958812737} & & N\

120 & {\tabf 0.46958075410} & & & \\ \hline

\end{tabular}

\caption{Triple core x-polarisation fundamental mode}
\label{tbl:ADD A LABEL}

\end{center}

\end{table}

The IATEX document must include a definition for the tabf font.
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